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% Fundamental & Integral Theorems of Solid Angle

1. Solid angle: “The three dimensional angle subtended by an object at a certain point
in the space”. It is also known as Angle of View for 2-D & 3-D objects.
It is usually denoted by ‘@’ (Omega). Its unit is Steradian (in brief ‘sr’).

Mathematically, it is given by the following expression (Basic Definition)

B area of visible surface of the object “
@= (distance (r)of any point on visible surface from the giverhgw

Where, distance ‘r’ from the given point (observer) to all the points 0\'@ face of
ro.

the object is constant. Solid angle subtended by a point & a straight'@l
hle

Although the distance ‘r’ from the given point to all the points of % rface is no more
constant except in case of a spherical surface. But still the dist play be assumed to be

he given object.

constant for an infinitesimal small area ‘dA’ on the visible

This concept derives the fundamental theorem whichS§is,théxintegration of solid angle sub-
c ¢ given point in the space.

tended by infinitesimal small area ‘dA’ on visible
2. The solid angle subtended by an obj€ct at a given point (observer) in the space is
given by Fundamental Theorem ¢
.
d
w= V(0<w<4m)
Where, distance ‘r’ is co withur!’ limit i.e. distance (r) from the given point is constant
for all the points of infinit mall area ‘dA’ of visible surface of the object.
3. The solid an deed by a right circular cone with apex angle ‘2a’ at the apex

point is §ivenas

\\ w =2n(1— cosa)
If@ t of the right cone is ‘H” & radius of the base is ‘R’ then the apex angle '2a’ is
related

H
oS = ———
VH? + R?
2 (1- )
. W= 4Tt -
VH? + R?

4. The solid angle subtended by an object at a given point is given by ‘Integral
Theorem’ (in form of spherical co-ordinates)
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P2
w=|
$1

Where, '8’ & '¢’are the parameters (variables) depending on the

02
f sinede‘ do VOeE[0Or] & @ € [—m, ]
0

1

a. Geometrical shape of the object &
b. Orientation of shape w.r.t. to the given point (observer) in the space

+» Solid Angle Subtended by Plane Figures

5. The solid angle subtended by a plane-figure, in the first quadra .'%,_toot of
perpendicular drawn to the plane from a given point in the spag€; by the
‘HCR’s Corollary of Plane-figure’ (proposed by HCR) &

¢ f(htang)de T
w = < E
° J(f(htan¢))2 + h2sec?¢ Q
Where, ‘h’ is the normal height of the point from the p \

y = f(x) = f(htang) # (x = constant) is the eg@atign of boundary-curve of the given
plane in the first quadrant w.r.t. foot of perpe@r assuming as the origin &
N
'@ is variable & x = htang. %‘
Note: Foot of perpendicular d m the point must lie within the boundary of plane &

ra
y = f(x) must be differential K‘rt of the curve in the first quadrant i.e. y = f(x) is
the equation of single-bo 0 iven plane..
Standard formulae: \
Standard formulae Q%membered are following

6. Thes % btended by a right triangular plane with base ‘b’ & perpendicular
‘p’

oint lying at a height ‘h’ on the vertical axis passing through the acute
vehtex common to the perpendicular ‘p’> & hypotenuse is given as

&.Lsin—l{L}_sm—l{( (=) e

2+ p? T IANET

If the vertical axis passes through the vertex common to the base ‘b’ & hypotenuse, the solid
angle is given as

- p - P h
o = sin~1 {\/ﬁ} —sin™! {<\/p2 = b2> <\/h2 = bz)} SN )|
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The above formulae are extremely useful which can be used to find out the solid angle
subtended by any polygonal plane at any point in the space. (HCR’s Invention-2013)

7. The solid angle subtended by a right triangular plane with orthogonal sides ‘a’ &
‘b’ at any point lying at a height ‘h’ on the vertical axis passing through the right
angled vertex is given as

— o1
@ =08 { h?(aZ + b?) + aZb?

8. The solid angle subtended by a rectangular plane with sides ‘I’ & ‘b’h&&oint

lying at a height ‘h’ on the vertical axis passing through the centre is %

B

h(a?Vh2 + b2 + b*Vh2 + aZ)}

V(12 + 4h2) (b2 + 4h?)

9. The solid angle subtended by a rectangular plane w% & ‘b’ at any point
lying at a height ‘h’ on vertical axis passing throu vertices is given as
)

o = sin~! (
(12 2
10. The solid angle subtended by a squar pl&m each side ‘a’ at any point lying at
a height ‘h’ on the vertical axis passing' throuqh the centre is given as
_ : B 3 a2
Q" Mz vz
11. The solid angle subten uare plane with each side ‘a’ at any point lying at
a height ‘h’ on the, ical axis passing through one of the vertices is given as
\ aZ
— =il
: Qo @ =sin (m)

gle subtended by a regular polygon having ‘n’ number of the sides each
’, at any point lying at a height ‘h’ on the vertical axis passing through the
given as

Z

T
2hsin—
w=2m—2nsin! L VNEN&n >3

\/4h2 + azcotz%

13. The solid angle subtended by a circular plane with a radius ‘R’ at any point lying at a height
‘h’ on the vertical axis passing through the centre is given as

h
o=2m(1-—")
VhZ + R?
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14. The solid angle subtended by an infinitely long rectangular plane having width ‘b’ at any
point lying at a height ‘h’ on the vertical axis passing through the centre is given as

b
o = 4sin~! (—)
Vb? + 4h?

15. The solid angle subtended by an infinitely long rectangular plane having width ‘b’ at any
point lying at a height ‘h’ on the vertical axis passing through the vertex is given as

b
o = sin~1 (—)
Vb? + h?

16. Solid angle subtended by a triangular plane at any point lying o ‘ | axis
passing through any vertex is determined by drawing a perpendlc I W the same
vertex to its opposite side i.e. by dividing the triangular plane t triangular
planes & using standard formula (from eq(1) or (2) above)

b
w = sin_l —— Sil’l_1
Vb? + p?

17. The solid angle subtended by a regular p g lane with each side ‘a’ at any
point lying at a normal height h from one of ices is given as

) ) _1< hcos36° )
— sin
Vh? + a?c0s218°

h2 + azcot218°>]

Vh-0>=>w- of vertex of regular pentagon)

Va- 0 or h
18. The sol btended by a regular hexagonal plane with each side ‘a’ at any
pom% rmal height h from one of the vertices is given as
(@2 s () g
— 4 sin ) Sin — | — SIn (—)
\/4h2 + 3a? V4h? + 3a? 2Vh? + 3a?

Vh-0=w- ? (Angle of vertex of regular hexagon)

Va—->0or h»>o=>w-0

19. The solid angle subtended by a regular heptagonal plane with each side ‘a’ at any
point lying at a normal height h from one of the vertices is given as
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w = 2 = + sin™ heos (27n)
\\/hz + azsm2 )
+ sin™?! heos (3%)
h2 + 4q2cos? (g) sin? ( )) Q
hcos (= \ rﬁ% \
7) 5 )
h2 + a25m2 = ) a’tan? ( )
R hcos (ZTH)

I

2 2 00c2 ik i /
\\/h +4acos% 7)J|
Vh-0>w —> — (Angle o%te& regular heptagon)

Va—0 or h—> o :>®

20. The solid angle s@d by a regular octagonal plane with each side ‘a’ at any
i ight h from one of the vertices is given as

point lying %&
) h h \
L&, () +sin

g\&{\ ) J(2+ﬁ)(2h2+a2(3+2ﬁ))/
) N

2h% + a2(3 + 2\/5)/

1 h \]
J(4+ 2v2) (h* + a2(3 + zﬁ))/J

3
Vh-0=w- 2 (Angle of vertex of regular octagon)

—sin™

Va—->0or h->o0 > w-0
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s Approximate Analysis of Solid Angle

21. Approximate value of the solid angle subtended by a symmetrical plane at any
point in the space is given by ‘Approximation-theorem’ as follows

wEZn[l— ;wsel v(o<es<
| Joe)

Where ‘A" — is the area of the given symmetrical plane '»&

‘0" - is the angle between the normal to the plane & the line joining th %i t to the

centre of the plane & @

'r" > is the distance of the given point from the centre of the planeQ

Limitations: Q

This formula is applicable only for the planes satisfyin@wing two conditions

I.) The plane should have at least two axes of sym

N[

)

a point of symmetry &

I1.) The factor of circularity (F.) should be cl%me unity i.e. F, = 0.5

If the above conditions are satisfied the%\ru involved in the results obtained from

Approximation-formula will be migim@im &permissible.
22. The solid angle subten elliptical plane with major & minor axes ‘a’ & ‘b’ at
any point lying at 1 istance ‘r’ from the centre is given as
| |

1

\ ~om|1l - ——
’\\Q\g R e

Factor of% ity of elliptical plane,
Q)Q x
FF=yl1—-e? |V(O<E<1 &e= 1-—

23. The solid angle subtended by a circular plane with a radius ‘R’ at any point lying at a
normal distance ‘r’ from the centre is given as
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ey
—

Factor of circularity of circular plane,
Fo=1

24. The solid angle subtended by a regular polygonal plane with ‘n’ number ofthe sides
each of length ‘a’ at any point lying at a normal distance ‘r’ from the ce%r& iven

: ’\'&

1
w=2m|l— — V(neN
na?cot —
1+ | ——=12
i dmr? | Q
Factor of circularity of regular polygonal plane, V\\
T

1
Fc=cosz [VneN an (ESFC<1)]
Higher is the number of sides higher Wi% or of circularity of a regular polygon.
r

25. The solid angle subtende ectangular plane with sides ‘I’ & ‘b’ at any point

¢

lying at a normal distan the centre is given as

SR
w =21 ll = —lb
Factor of circ bﬁ tangular plane,

b

QQ FC_\/bZ:HZ [vb<l=> (0<FC<0.707)]

26:The solid angle subtended by a rhombus-like plane with diagonals ‘d; & ‘d,’ at any
point lying at a normal distance ‘r’ from the centre is given as

[ . 1
w=21n11] - —
l \/<1+§;§%>J

Factor of circularity of rhombus-like plane,
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dy

/ d.? + d,°

27. The solid angle subtended by a circular plane at any point in the space is given as

F = [v dy<d, = (O<FC<O.707)]

1

RVd? + R? — 2dRsinf — h2\) 2
w=2m|1—1431+ 7

The value of h? is found out from the auxiliary equation given as follows 'xv

= (A*+B?*)h* + (2AC — B*k*)h* + C*> =0 '\/
Where ®
Rcos6

A= —2( ) B o z(
(d%? + R? — 2dRsin8)2 (d? +

1
VAZ+ RZ—2dRsin®@ VdZ+RZ + X0

C = Rcos6 ( &k = \/d2 + R? — 2dRsin6

28. The solid angle subtended by an elliptical plane with major axis ‘a’, minor axis ‘b’ &
eccentricity ‘e’, at a distance ‘dq frdm the centre to a particular point from which it
appears as a perfect circular plape i$\given as

dcos@
- (1~ )
V1 —e?Va? + d? + 2adsiné

v(ose<%&dzo)

Where, ‘0’ is th. @Ween normal to the plane & the line joining the particular point to
the centre 0@ .
Q +¢ Solid Angle subtended by 3-D figures

* Sg'@)ngle subtended by the Universe at any point in the space is 41 sr.
Sphere:

29. The solid angle subtended by a closed surface at any point completely inside its
boundary isalways4msr (V 0<w < 4m).

30. The solid angle subtended at any point lying on the plane by a cap fully covering the
plane is always 27 sr

31. The solid angle subtended by a sphere with a radius ‘R’ at any point lying at a
distance d from the centre is given as
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RZ
w:anl__] vd=R

d
32. The solid angle subtended by a hemispherical shell with a radius ‘R’ at any internal
point lying on the axis at a distance ‘x’ from the centre is given as

a)=27't[1+ VO<x<R

x
Vax? +R2]

33. The solid angle subtended by a hemispherical shell with a radius ‘R’ at any external

point lying on the axis at a distance ‘x’ from the centre of circular-openinRen as

X

34. The solid angle subtended by a hemispherical shell at any“paint Iy¥hg inside the
shell on the plane of circular opening, is always 2w sr

35. The solid angle subtended by a hemispherical shell a point of the surface

lying inside the shell, is always 3.414mw =~ 10.72 respective of the radius.
36. The solid angle subtended by a hemispherical,she the centre of mass is always

2.894m sr = 9.0931112 sr irrespectivv% S.
e Circular Cylinder:

37. The solid angle subtended by the sgli linder at any point lying on the longitudinal
axis at a distance ‘x’ from the c¢ fgont-end is given as

x
Sl
@ [ Vx2% + R?

38. The solid angle s @ by a cylinder with radius ‘R’ & length ‘L’ at any point
lying on the tra axis at a distance ‘x’ from the centre (neglecting the effect of
curvature of Gi ds) is given as

.

in1 RL V[ [x=R]
\ JZLZ + 4(x2 — R2)2

9.% id angle subtended by an infinitely long cylinder with a radius ‘R’ at any
poifit lying on the transverse axis at a distance ‘x’ from the centre is given as

a)=27't[1—

R
w = 4sin~1 (;) V [x=R]
40. The solid angle subtended by a hollow cylindrical shell with radius ‘R” & length ‘L’

at any internal point lying on the longitudinal axis at a distance ‘x’ from the centre of
one of the ends is given as
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x N (L—x)
Vx2+R? /(L —x)%+ R?

w =21

l Vx€|[0L]

41. The solid angle subtended by a hollow cylindrical shell with radius ‘R> & length ‘L’
at any external point lying on the longitudinal axis at a distance ‘x’ from the centre of
front end is given as

(L+x) 3 X
VAL +x)2+R> Vx?+R?

42. The solid angle subtended by a hollow cylindrical shell with radius E @‘L’

at the centre is given as
4 [ L ] \/
=47 [ ——
VL2 + 4R? Q

w = 2T

l V[ix=>0]

e Right Circular Cone:

43. The solid angle subtended by a right cone with n@ ‘H’> & radius ‘R’ at the

apex point is given as

w=21t[1

radius ‘R’ at any internal point %4 he axis at a distance ‘x’ from the centre of

base is given as \
% [1+ ad ] VO<x<H
A r———— S X
Vx? + R?

45. The solid aggle @d by a hollow right conical shell with normal height ‘H* &
radius ‘R’ at rnal point lying on the axis at a distance ‘x’ from the centre of

=
) )
44. The solid angle subtended by a hﬁo& conical shell with normal height ‘H* &

Qe

baseisgv\

@so id angle subtended by a hollow right conical shell with normal height ‘H* &

dius ‘R’ at the apex point inside the shell is given as

H
a)=27t[1+—]
VHZ + R?

47. The solid angle subtended by a hollow right conical shell with normal height ‘H’ &
radius ‘R’ at the centre of mass is given as

H
w =21 [1 +—]
VH? + 9R?
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e Right Pyramid:

48. The solid angle subtended by a right pyramid with base as a regular polygon with
‘n’ number of the sides each of length ‘a’, normal height ‘H> & angle between
consecutive lateral edges ‘a’, at any internal point lying on the axis at a distance ‘x’
from the centre of base is given as

[ ZHsinE T T a
w=2m—2nsin1 =2m —2nsin~! cos;\/tan2 o tan? —)
J4H2 + azcotz%

Where, the relation between a, H, a & n is given as %\
a a T % 2w
H=— cotZE—cotZZ V(nEN,n&) S—)

2 n

49. The solid angle subtended by a right pyramidal shell s a regular polygon
with ‘n” number of the sides each of length ‘a’ & ight ‘H’, at any internal

point lying on the axis at a distance ‘x’ from the ce\x f base is given as

1

w =2+ 2nsin”

°
50. The solid angle subtended by ramidal shell with base as a regular polygon
with ‘n’ number of the sid of length ‘a’ & normal height ‘H’, at any external
point lying on the axis at\ddi ‘x” from the centre of base is given as

Q 2xsin=
—2nsin~1 n
14
o % 4x2 +a’cot?
i xle ubtended by a right pyramld with base as a regular polygon with ‘n

the sides each of length ‘a’, normal height ‘H> & angle between
tive lateral edges 'a’ at apex point |n5|de the shell is given as
ZHSln— \ T T a
w = 21 + 2nsin” = 2w + 2nsin™?! <cos—\/tan2 — — tan? —)
n n 2
4H2 + a?cot? /

52. The solid angle subtended by a regular tetrahedron at each of the vertices
(externally), is 0.55 sr.

The solid angle subtended by a regular tetrahedron at each of the vertices (internally),
IS 6.83 sr.

Mr H.C. Rajpoot (B Tech, ME) @M.M.M. University of Technology, Gorakhpur-273010 (UP) India



mailto:Rajpoot@M.M.M

Advanced Geometry by Harish Chandra Rajpoot, ISBN-13: 978-9383808151

Copyright©2014 by Notion Press Publication, Chennai, India

53. The solid angle subtended by each of the octants of orthogonal planes at the origin
point is 0.5 sr.

e Right Prism:

54. The solid angle subtended by a solid right prism with cross-section as a regular
polygon with ‘n’ number of the sides each of length ‘a’ & length ‘L’, at any point
lying on the longitudinal axis at a distance ‘X’ from the centre of front end is given as

2xsinE \
1 n

w = 21T — 2nsin” v
J4x2 + aZcot? %/ %

In this case, value of solid angle is independent of the length of right#orism.

55. The solid angle subtended by a hollow right prismatic s?%{t; ross-section as a
length ‘L’, at any

regular polygon with ‘n’ number of the sides each of
internal point lying on the longitudinal axis at a e from the centre of one
of the ends is given as \
o E o ]
2xsin— o 2(L — x)smﬁ

L
W= 2n|sin‘1 i I
l \\/4x2 + a?cotia= \/4(L — x)? + a?cot? %/J
V x€[0,L], neN&n=3
56. The solid angle subten ollow right prismatic shell with cross-section as a
regular polygon ’n er of the sides each of length ‘a’ & length ‘L’, at any
external point lyi e longitudinal axis at a distance ‘x’ from the centre of front
end is givem%
[ m n ]
2(L + x)sin— 2xsin—
n)sioN n —sin~! n Vx>0
J4(L + x)?% + azcotz% J4x2 + azcotzg

w=2
G?.leo 1d angle subtended by a hollow right prismatic shell with cross-section as a

egular polygon with ‘n’ number of the sides each of length ‘a’ & length ‘L’ at the
centre is given as

LsinE \

1 n
/2 20121
L% + a“cot n/

w = 4nsin~
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58. The solid angle subtended by a hollow right prismatic shell with cross-section as a
regular polygon with ‘n’ number of the sides each of length ‘a’ & length ‘L’ at the
centre of one of the open ends is given as

. T
/ 2Lsmﬁ
s
2 2 2
\J4L + a<cot n

59. The solid angle subtended by a right pyramidal shell with one end open nother
closed, cross-section as a regular polygon with ‘n’ number of the sides ¢ gth
‘a’ & length ‘L’, at any internal point lying on the longitudinal axis iStagce ‘x’

from the centre of open end is given as
/ 2xsin% \ &
1 [V O Q neEN&n=>3]

s
4x? + a®cot? o %
60. The solid angle subtended by a right pyramid%ﬂ\es ith one end open & another

1

w = 2nsin~

w = 2w+ 2nsin”

closed, cross-section as a regular polygon ber of the sides each of length
‘a’ & length ‘L’ at any internal point lying ontlfe longitudinal axis at a distance ‘x’
from the centre of front end (open or closed) Ls given as

_ %‘szinz \ [V x> 0]
S\

w = 2T il
T
2 2 2
x? 4+ a“cot n/

e Torus, Ellipsoid oIoid:
61. The solid angl g€ by a torus with inner & outer radii ‘r’ & ‘R’ respectively at

e
any point 1;%% ight ‘h’ on the vertical axis passing through centre is given as
e

RZ—TZ
\ _4n<(R+r)2+4h2> VR=>r & Rr,h €[0,)

@Qd angle subtended by a torus with inner & outer radii ‘r’ & ‘R’ respectively at
t

entre is given as

4 (R—r)
©= Y\ R T

63. The solid angle (w) subtended by an ellipsoid generated by rotating an ellipse

2
xz/a2 +7 /b2 = 1 about the major axis at any point lying on the major axis at a

distance d from the centre is given as
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(4 - a?)
w=2mw|1- (@ —ad) 1 b? vd=a

64. The solid angle (w) subtended by an ellipsoid generated by rotating an ellipse

2 2 . . . . . .
o 2t y /b2 = 1 about the minor axis at any point lying on the minor axis at a

distance d from the centre is given as

@ W
w =21 1_\/(d2—b2)+a2 vd=b %\

65. The solid angle (w) subtended by a paraboloid generated otatingfthe parabola
y? = 4ax about the axis at any point lying on the axis at a céd from the vertex

is given as Q
d
w=2m|1- ’ \{deo
d+a

+ Solid State (arrafigement of identical spheres):
)

66. The solid angle subtended by ‘n%& of the identical spheres each with a radius
€r

‘R’ arranged, touching one , Ih a complete circular fashion at a point lying on
the vertical axis at a height m the centre of reference plane is given as
N
h? + R?cot? %
w.= 2 [VhRheEN&n=>3]

i
h% + R?%cosec? —
n

L Y

67. The so, &%btended by ‘n’ number of the identical spheres each with a radius

, touching one another, in a complete circular fashion at the centre of

gremce'plane is given as
6 w=4nnsin2(l) [VREN&Nn >3]
2n

%he solid angle subtended by the spheres forming a simple cubic cell at the centre is
9.223888 sr. Each of the spheres subtends 1.152986 sr-.

69. The ratio of radius (r) of the largest sphere fully trapped in a simple cubic cell to the
radius (R) of spheres forming the cell, is "/R = 0.732051

70. The solid angle subtended by the largest sphere fully trapped in a simple cubic cell
at the centre of each of the spheres forming the cell is 0. 588778 sr.

71. The solid angle subtended by the spheres forming a tetrahedral void at the centre is
10.622346 sr. Each of the spheres subtends 2.655586 sr.
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72. The ratio of radius (r) of the largest sphere fully trapped in a tetrahedral void to
the radius (R) of spheres forming the void, is r/R = 0.224745

73. The solid angle subtended by the largest sphere fully trapped in a tetrahedral void
at the centre of each of the spheres forming the void is 0. 106694 sr.

74. The solid angle subtended by the spheres forming a octahedral void at the centre is
11.041814 sr. Each of the spheres subtends 1. 840302 sr-.

75. The ratio of radius (r) of the largest sphere fully trapped in a octahedral void to the
radius (R) of spheres forming the void, is"/p = 0.414213

76. The solid angle subtended by the largest sphere fully trapped in an octaheWoid
at the centre of each of the spheres forming the void is 0.275548 sr.

* About 15.47% of tetrahedral void & 12.13% of octahedral void d to their
outside (surrounding) space. Thus an octahedral void is more pﬂh tetrahedral

void. (Mr HC Rajpoot) Q
< Photometry/Radi

77. The radiation (visible light or other E.M. radia y emitted by uniform point-
source located at the centre of a spherica fa uniformly distributed over the
entire the surface.

78. The radiation (visible light or othef E.M, radiation) energy emitted by uniform
o;&d/
.
Y,

linear-source coincident with the axi lindrical surface is uniformly distributed
over the entire the surface.
79. The distribution of radi 'ovge:e

Energy density at the foot of perpendicular drawn

plane surface is no mo
from the point-souw-h ne is maximum & decreases successively at the points

emitted by a uniform point-source, over a

lying away from p@ axima.
80. The total lumin ¢, emitted by a uniform point-source with luminous intensity I,
intercepted ct with visible surface ‘S’, is given as
e
\ dA
F=IXw=1IX j —
r

s

W@&ye solid angle subtended by the same object at the given point-source.

e total radiation energy, emitted by a uniform point-source with luminosity L,
intercepted by an object with visible surface ‘S’, is given as

e= (o)) =

Where, 'w' is the solid angle subtended by the same object at the given point-source.
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82. Density of luminous flux (or luminosity) emitted by a uniform point-source with
intensity I, over a plane-surface (S) with a total area ‘A’ (assuming uniform
distribution of intercepted flux over the entire plane), is given as

e Total flux (F) intercepted by the plane X w (I>f dA
T Area (4) A ;

83. Lambert’s cosine formula:

Density of luminous flux (or luminosity (E)) emitted by a uniform point-source with§iqtensity
‘I’ over a plane-surface with area ‘A’ (assuming uniform distribution of intercept'% ver

the entire plane), is given %
IcosO x
E=— 4\
r

Where, ‘1’ is the distance of point-source from the centre of th

‘0" is the angle between normal to the plane & line joinin e to the centre.

Limitation: The above formula is applicable for smalle urfaces and longer distances
for minimum error involved in the results obtained.

s Space Sc&nce (Celestial Bodies):

e
84. The solid angle subtended by a &Qbody with a mean radius at any point in the

space (assuming that the b &a perfect spherical shape) is given as
VaZ—R?
ml———F— (Vd=R)

85. The solid a nded by the Sun at the centre of the Earth is about 6.79 X
1075 s,
86. The s }q ubtended by the Earth at the centre of the Sun is about 5.71 X

7 id 'angle subtended by the Sun at the centre of the Earth is about 11891.42
at subtended by the Earth at the centre of the Sun.
e total radiation energy, emitted by the Sun, incident on the Earth is about

1.75 x 1017 J/ sec & energy density over the intercepted surface of the Earth is

about 686.43 W/mz (Assuming no part of the radiation, emitted by the Sun,

travelling to the Earth is absorbed or reflected).
89. The solid angle subtended by the Moon at the centre of the Earth is about 6.41 %
1075 sr.
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90. The solid angle subtended by the Earth at the centre of the Moon is about 8.63 %
10~*

91. The solid angle subtended by the Earth at the centre of the Moon is about 13.45 times
that subtended by the Moon at the centre of the Earth.

92. The luminosity (L) of a star with a mean radius ‘R,’, effective temperature ‘T,’
(absolute) & emissivity ‘e’ is given as

L = 4meoR,*T,*

Where, ¢ = 5.67 X 1078 Wm 2K ~*

If the star is assumed as a perfect black body i.e. e = 1 then we have %\
L = 4woR,*T,* Q
: , : )

‘T,’ (absolute)

& emissivity ‘e’ at a point lying at a distance ‘x’ from tle y given as

B = ear,* (%2), \?

If the star is assumed as a perfect black body i.e. e= we have
2
B Te

94. The relation between lumi XL & brlghtness (B) of a star at a particular point

lying at a distance ‘x’ f% tre, is given as
41Tx2

95. Energy emi n|form spherical-source with mean radius R,, luminosity ‘L’,
effective. e ‘T,” & emissivity ‘e’, intercepted by a spherical body with a
radius {RQ 1 a dlstance ‘d’ between their centres, is given as

d2 _ RZ
QQ E; = 1 — T) = 2meoR,*T,* (1 — T)

If the spherical-source is assumed as a perfect black body i.e. emissivity, e = 1 then we have

L d? — R? _— d? — R?
Ei=<§) 1-———)=2m0R,"T,* (1 - ———

96. Area of interception of a spherical body with a radius ‘R’ w.r.t. a given point lying at
a distance d from the centre is given as
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R
Ai=2nR2(1—E) [Vd>R]

97. If radiation energy, emitted by a uniform spherical-source with mean radius R,,
effective temperature ‘T,’, emissivity ‘e’ & luminosity ‘L’, is uniformly distributed
over the area of interception of a spherical body with a radius ‘R’ & lying at a
distance d from the centre of the source then the Energy Density (E.D.) is given as

L )(d—\/W):eGT4(RO)2<d—m
¢ \R

4T R? d—R d—R

|
The above expression is applicable for uniform spherical-source like a star. Nrce IS
assumed as perfect black body, take e =1 in the above expression. 0\/

s Analysis of FrusturQ
e Frustum of Sphere: Q

98. A frustum, of the sphere with a radius ‘R’, has a si ircular-section then the radius
(r) of circular-section, surface area (A) & volum e given as

E.D.=( > [Vd> (Ry+ R)

—h) V(0<h<2R)

2
Volume, V' %(

Where, ‘h’ is the radial thij ss ofithe frustum.

If the angle subtendedx0 cular-section of the frustum at the centre of parent sphere
hav

with radius ‘R’ is 2% e
.% Radius,r = Rsin®
\\ surface area,A = 2rR*(1 — cosf) &
@Q Volume,V = ﬂl—}j(cosiie —9c0s6+8) [V0O0<O<m]

99. A frustum, of the sphere with a radius ‘R’, has two parallel circular-sections with
radii r; & r, subtending angles 6; & 6, respectively at the centre of parent sphere then
radii (r; & ry) of circular-sections, surface area (A) & volume (V) of the frustum are
given as

Radii,r; = Rsinf; &1, = Rsin#b,

Area of the surface, A =2nR?*(cosf; — cosf,) &
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nR3
Volume,V = 17 [9(cosB; — cosB,) — (cos36,; — cos30,)]
V(0,<6, > 0,€[0,1) & 6, € (0,])

100. A frustum of the sphere with a radius ‘R’ has two parallel & identical circular-
sections each subtending an angle 26 at the centre of parent sphere then radius ‘r’ of
circular-sections, surface area (A) & volume of the frustum are given as

Radius, r = Rsin@

Area of the surface, A = 4mR?*cos0 & %\

3

TR
Volume,V = E(%ose — c0s36) [\7’ 0<6 ﬂx

e Frustum of Right Circular Cone: g
101. Major axis (2a), minor axis (2b) & eccentpi ' of an elliptical section,
generated by cutting a right cone with apex angle th'@smooth plane inclined at

an angle 8 with the axis & at a normal distancew € apex point, are given as

major axis,2a =

. . sina
minor axis, 2 &
n2@ — sinZa
) \ cosf T T
eccent e = V<O<0s—&0<a<—:>0>a)
cosa 2 2

102. Angular. ): Angle between axis of the right cone & line joining the
centre of elligti 1on (generated by cutting right cone obliquely with the axis) to
the apex,poi iSvgiven as

T T
¢ = tan~1(tan?acotf) v(0<9s§ &0<a<§ =>9>a>

QJQ\QPeﬁmeter (P) of elliptical section

2mwhtana
- ()

sin26
Where
A [(1X3X5X o (2n—3) x (20— 1)
F, = 2n
p=14 Z { 2" X n! ¢
n=1
=1+ 0.5C% + 0.375C* + 0.3125C® + 0.2734375C® + 0.24609375C1°
+ 0.225585937C12 + 0.209472656C* + ...........
104. Volume (V) of oblique frustum with elliptical section
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mh3sin30sin*acos*a <2nh3 tan2a>
- Vv

(sin?6 — sina)3 3sin36
Where
= 1X3X5X w.(2n=3)x 2n-1)) _
FV—1+Zl(n+1)(2n+1){ 7] C
n=

=1+ 3C%+5.625C* + 8.75C® + 12.3046875C® + 16.2421875C*°
+ 20.52832031C*? + 25.13671875C** + .......... 00

105. Surface area (S) of oblique frustum with elliptical section 'xv

G mh?secatana 7
N sin26 S

2™ X

=1+ 1.5C% + 1.875C* + 2.1875C° + ZQ 8 4+ 2.70703125C1°
14
+

+ 2.932617188C*% + 3.142 8‘%&

106. Radius of the circular section, gen% y cutting a right cone with apex
angle 2a with a smooth plane normalQh)e axts & at a normal distance ‘h’ from the

Where Q
— 1X3X5X ........(2n — EI% (2 — 1)
FS=1+Z[(ZR+1){ }Can

.. 00

)

apex point, is given as
¢ /i
R=2h® (O<C¥<E)

e Frustum of Circular C 5

107. Major a@minor axis (2b) & eccentricity (e) of an elliptical section,
\ :

generated b a circular cylinder with a diameter ‘D’ with a smooth plane
inclinedeat % 6 with the axis, are given as
\\ major axis,2a = DcosecO
Q\ minor axis,2b =D &
Q .
QJ eccentricity,e = cosf A4 (0 <0< > )

¢ Analysis of Miscellaneous Articles

108. Vectors’ Cosine-formula: (Derived by the author of the book)

If ‘a’ is the angle between two concurrent vectors and one of them, keeping other stationary,
is rotated by an angle ‘B’ about the point of concurrency in a plane inclined at an angle ‘6’
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with the plane containing both the vectors in initial position then the angle (') between them
in final position is given by the following expression

= a' = cos ! (cosacosp + sinasinfcosf) V (0 < (a,0) < 1)
109. HCR’s Cosine-formula:

If the angle a’ between two concurrent vectors in the shifted position is known then the angle
6 between the plane of rotation & the plane containing the vectors in initial position is given

as
< < \
sinasinf ) 7 (0= (a6) n)'X%
110. Axiom of tetrahedron: If a, § & y are the angles bg &xon cutive lateral
VI

edges meeting at a vertex of a tetrahedron then the tetra eﬁ exist only and if
only the sum of any two angles out of a, 8 & y is alwa e8 an third one i.e.

. ) (cosa’ — cosacosf
= cos

(a+B)>y, B+y)>a& (a+y)>p +,3+)/)<2T[

eral’Taces respectively opposite to the

dges meeting at a vertex of a

111. Internal angles 6,, 8, & 65, betwee Na

angles a,f &y between consecutive laters
tetrahedron, are given as < S

cosa = cosﬂco (cos[)’ — cosacosy)

sinfsi y\

112. AXxigm m ncurrent-vectors: The perpendicular, drawn from the point
of concurre e equal vectors to the plane of a triangle generated by joining
the hea&\ Il the vectors, always passes through the circumscribed-centre of the

triangl
113. % m of triangle: The distance between circumscribed & inscribed centres
i Qng is given as

Q)Q

= D¢ = j{(r — RcosO,in)? + (R + 1 — RcosB,,;,)?*cot? (

6; = cos™ - -
sinasiny

cosy — cosacosﬁ)
sinasinf

20 + Gmin»
2

Where, R — radius of circumscribed circle
r = radius of insscribed circle
Onin — smallest angle &

0 — any of the angles except 0,,;, in a given triangle
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114. The distance, between the circumscribed & inscribed centres of an isosceles
triangle having each of the equal angles 6, is given as

D¢ = \/(r — Rcos8)? + (R + r — RcosO)?cot? (?) if (0 < (m—26))

D¢y =7 + Rcos26 if (6 > (m—26))

115. Spiked/star-like regular-polygon: Regular-polygon obtained by t
lines joining each vertex to the end-points of its opposite side in a regular
having odd no. of the sides is called a spiked regular-polygon or a i

polygon. x
116. ’\

Spike angle (2a) of spiked regular polygon is giverQ

w
20 = —
n
117. Area (A) of a spiked regular polygon i \N{
na?
A= p= 27 \4 (n +1>me N)
4 (smﬁ + sin T) .
118. Radius of the circle pas ough tips of all the spikes of a spiked regular

polygon with ‘n’ number o thﬂpi & span ‘a’, is given as

a

R=E c— V(n=2m+1=>mEN>
119. Right p@/ith base as a regular polygon: Right pyramid with base as
a regular pol¥g€o ing ‘n’ number of the sides each of length ‘a’, angle between
consecuti eral edges ‘a’ & normal height ‘H’
CE,

Area of lateral

A—1 J4H2+ 2 tzn—1 2ot
QHQ | = na a*cot® — = na‘cot
Area of regular polygonal base,
7 _1 z tn
b—4na co n
Volume,
V—1 2Hcot ~ V(nEN&n=3)
—12na co n n n:=
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Relation between the angle a (between consecutive lateral edges) & acute angle S (between
any of lateral edges & axis of the right pyramid)

cot[f—sinz\/cotzg—cotZE V( <2—n&ﬁ< )
- Tn 2 n n 2

Relation between normal height ‘H’ & length ‘a’ of side of the base

H a\/ tza tzn
= — |cot*— — cot*—
2 2 n

120. Analogy: \%\
Volume of a right conical body with cross-section varying linearly witﬁ&ml height

(length) is given as

V= 3 (area of base)(normal hei

121. Angle (a) between any two bonds in a m Qh Ing regular tetrahedral
structure (like CH4, molecule) is given as

a=2cos ! (—) ~ 109.4712206° ~ 109.47°
N tﬁ
N
122. Angle between any two%m g the centre of a tetrahedral void to the
centres of spheres (formingethefvoid\Ns equal to 2 = (1 ) ~ 109.47°
p ( %K q cos /\/g

Note: In some of the books,. it I n equal to 109.28° which is very closer to the most
correct value 109. 47"

s HCR’s Theory of Polygon
e Axiom 6f

For a given F%pace each of the polygons can be divided internally or externally or
both (w.r. ) into a certain number of the elementary triangles all having a common
Veex oot of perpendicular (F.O.P.) drawn from the given point to the plane of
po% joining all the vertices of polygon to the F.O.P. by extended straight lines.

1. Polygon is externally divided if the F.O.P. lies outside the boundary
2. Polygon is divided internally or externally or both if the F.O.P. lies inside or on the
boundary depending on the geometrical shape of polygon (i.e. angles & sides)

(See the figures (1), (2), (3), (4), (5) & (6) below)

e Axiom of Right Triangle
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If the perpendicular, drawn from a given point in the space to the plane of a given triangle,
passes through one of the vertices then the triangle can be divided internally or externally
(w.r.t. F.O.P.) into two elementary right triangles having common vertex at the foot of
perpendicular, by drawing a normal from the common vertex (i.e. F.O.P.) to the opposite side
of given triangle.

An acute angled triangle is internally divided w.r.t. F.O.P. (i.e. common vertex)
A right angled triangle is internally divided w.r.t. F.O.P. (i.e. common vertex)
An obtuse angled triangle is divided

Internally if and only if the angle of common vertex (F.O.P.) is obtuse

Externally if and only if the angle of common vertex (F.O.P.) is acute %'xv

o2 wnN e

(As shown in the figures (1) & (2) below)

L

3
Fig 1: P, P, & P; are different cﬁns Fig 2: P;, P, & P; are different locations

e Graphical Method; (Fo nal-planes)

This method is based on a 0 axioms (proposed by the author) for analysis of polygonal
planes. It is the x@ method for finding out the solid angle subtended by a

polygonal plang a Int in the space. This method overcomes all the limitations of
Approximation sed for symmetrical planes. Although, it necessitates the drawing of
a given pol p ut it involves theoretically zero error. Still due to computational
error so ical error may be involved in the results obtained by this method.

G phi%e od eliminates a lot of calculations in finding out the solid angle subtended by
agi lane if the location of foot of perpendicular, drawn from a given point in the space,
is known w.r.t. the given plane.

e Working Steps:

STEP 1: Trace/draw the diagram of a given polygon (plane) with known geometrical
dimensions.

STEP 2: Specify the location of foot of perpendicular drawn from a given point to the plane
of polygon.
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STEP 3: Join all the vertices of polygon to the foot of perpendicular by the extended straight
lines. Thus the polygon is divided into a number of elementary triangles, all having a
common vertex at the foot of perpendicular.

STEP 4: Now, consider each elementary triangle & divide it into two sub-elementary right
triangles to find the solid angle subtended by each elementary triangle.

STEP 5: Solid angle subtended by each individual sub-elementary right triangle is
determined using the standard formula of right triangle given as
o () e N
w = S1In —— — SIn
b? + p? Vb2 + p2/ \|/h? + p? \
STEP 6: Now, solid angle, subtended by polygonal plane at the gi n% ill be the
algebraic sum of solid angles of its individual sub-elementary right %Ksas iven
W, =W+ Wy + w3+ wy + wg +
el

Let’s us consider a polygonal plane (with vertices) 1234 % n point say P(0,0, h) at
a normal height h from the given plane (i.e. plane of p I space.

Now, specify the location of foot of perpendicul&\ > on the plane of polygon which
may lie (P(0, 0, h) shows point P lies at a @l héight h from the plane of paper)
.

1. Outside the boundary .
2. Inside the boundary

3. On the boundary \
a. On one of the sides or b. the vertices

Let’s consider the abos one by one as follows

ry:

1. F.O.P. outside tP\%
e
Let the foot of & lar ‘O’ lie outside the boundary of polygon. Join all the vertices of

polygon (pl& 0 the foot of perpendicular ‘O’ by the extended straight lines
(As sh e figure 3)

Th% lygon is divided into elementary
triangleS (obtained by the extension lines), all
having common vertex at the foot of
perpendicular ‘O’. Now the solid angle

subtended by the polygonal plane at the
given point ‘P’ in the space is given

By Element-Method

Figure 3: F.O.P. lying outside the boundary
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W123456 = We1er T Wseersr + Wa255 + Waran2 + W344. cen e e e e ee e ()
Where,
We16r = Wer01 — Weo1
Wse6151 = Ws106r — W506W22/551 = W2051 — Wy/ps
Wyr4212 = Wylgy — Wa02/

W344) = W304) — W304

Thus, the value of solid angle subtended by the polygon at the given poin %eﬁ by
setting these values in the eq. (I) as follows (\/
- (w4/02 — Wa02/)

ided into two sub-
e determined by using

= W123156 = (Wer101 — Wep1) T (Ws1060 — Ws06) T (W05,

Further, each of the individual elementary triangles is eas
elementary right triangles for which the values of soI|
standard formula of right triangle.

2. F.O.P. inside the boundary: V\\

Let the foot of perpendicular ‘O’ lie inside the boundaty of polygon. Join all the vertices of
polygon (plane) 123456 to the foot of pe di o by the extended straight lines

(As shown in the figure 4) 5
Thus the polygon is divided i tary trlangles
(obtained by the extensi S), having common
vertex at the foot of per@ ‘O’. Now the solid
angle subtended by th al plane at the given
point P in the space i

By Element-M x

w123456 \‘ W03 + W305 + Ws54 +
o (ID)

Ws/54 = Ws/gq — W504

Figure 4: F.O.P. lying inside the boundary

Thus, the value of solid angle subtended by the polygon at the given point is obtained by
setting these values in the eq. (11) as follows

= W123456 = W10z T W03 + W35, T (Ws57ps — Ws04) + W54y
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Further, each of the individual elementary triangles is easily divided into two sub-elementary
right triangles for which the values of solid angle are determined by using standard formula
of right triangle.

3. F.O.P. on the boundary: Further two cases are possible
a. F.O.P. lying on one of the sides:

Let the foot of perpendicular ‘O’ lie on one of the sides say ‘12’ of polygon. Join all the
vertices of polygon (plane) 123456 to the foot of perpendicular ‘O’ by the straight liggs

(As shown in the figure 5)

Thus the polygon is divided into elementary triangles
(obtained by the straight lines), all having common
vertex at the foot of perpendicular ‘O’. Now the solid
angle subtended by the polygonal plane at the given
point ‘P’ in the space is given By Element-Method

W123456 = W106 T Weos T Ws04 T Wa03 _ _ _
F W302 e e eee e e e e (III) Figure 5: F.O.P. lying on one of the sides

Further, each of the individual elementary triaggles is easily divided into two sub-elementary
right triangles for which the values of golid angte*are determined by using formula of right
triangle.

b. F.O.P. lying at one of the v

Let the foot of perpendi ie of» one of the vertices say
‘5’ of polygon. Join rtices of polygon (plane) /
123456 to the foot icular (i.e. common vertex ‘5’)

by the straight line
(As shown in %
Thus ’%/g is divided into elementary triangles
Figure 6: F.O.P. lying at one of the vertices

(obtained by the straight lines), all having common vertex at the foot of perpendicular 5’
Now the solid angle subtended by the polygonal plane at the given point ‘P’ in the space is
given

By Element-Method

Wq123456 — W152 + Wys53 + W354 P W15g ea e was mee wes er een s (IV)
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Further, each of the individual elementary triangles is easily divided into two sub-elementary
right triangles for which the values of solid angle are determined by using standard formula
of right triangle.

® Comparison of Approximation Method & Graphical Method

Approximation Method Graphical Method

1. It is applicable only for symmetrical plane- | 1. It is applicable only for polygonal plane-
figures. figures.

2. It is not useful for finding the precise/exact | 2. It gives theoretical zero egro Nvalues if
value of solid angle i.e. a certain error is | computations/calculatio % orrectly.
included in the results. ;

C

3. It necessitates ation of foot

3. It depends on the geometrical shape of | perpendicular (F. drawn from given point
symmetrical plane & its configuration (factor | to the plane easy to specify.
of circularity). ) ) )

4. It ne teS*drawing since mathematical
4. It requires mere mathematical calculations | calculatign easy to find all the dimensions

which are easier as compared to that of tary planes.
graphical method.

C

)
Ilustrative Examphx(i%’s Theory of Polygon

Example 1: Let’s find out solid angl y a pentagonal plane ABCDE having sides AB = 6¢m, BC =

lly dividing the side AB such that 0A: OB = 2:1 & calculate the

5.7cm, CD = 6.65cm,DE = 5.5¢cm, A

normal height 6¢cm from a po inte

total luminous flux intercept e plane ABCDE if a
uniform point-source o@ ated at the point ‘P’

Sol: Draw the pentag E with known values of the
sides & angles N location of given point P by
P(0,0,6) per| r&r wards to the plane of paper &
F.O.P. ‘O’ in the figure 7)

Q. agon ABCDE into elementary triangles
D,AODE & AOEA by joining all the vertices of
pentago® ABCDE to the F.O.P. ‘O’. Further divide each of the
triangles AOBC,AOCD, AODE & AOEA in two right triangles
simply by drawing a perpendicular to the opposite side in the
respective triangle. (See the diagram)

It is clear from the diagram, the solid angle subtended by
pentagonal plane ABCDE at the point ‘P’ is given by Element
Method as follows

Fig 7: Point P is lying perpendicularly outwards to
the plane of paper. All the dimensions are in cm.
WapcpE = WpoBc T Waocp T Waope T Waopa -+ o o )
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From the diagram, it’s obvious that the solid angle w,gc-pr Subtended by the pentagon ABCDE is expressed as
the algebraic sum of solid angles of sub-elementary right triangles only as follows

WpoBec = Waore T Wpaorc  Waocp = WaoGp — WaoGe
WpopE = Wpaoup + WpoHE  Wpaopa = Waoje — Waoja

Now, setting the values in eq(l), we get
Wapcpe = (Waors + Waore) + (Waoep — Waoe) + (Waoup + Waour) + (Waoje — Waoja) v vve vee v ee (A1)

Now, measure the necessary dimensions & set them into standard formula-1 to find out above values of solid
angle subtended by the sub-elementary right triangles at the given point ‘P’ as follows

= wygpp = Sin~?! {L} —sin™! {( FB ) ( Po
J(FB)? + (OF)? J(FB)? + (0F)2) \\/(P0)? +
B Sin_l{ 035 } - {( 035 AR s >}
- /(0.35)2 + (1.95)2 /(0.35)2 + (1.95)2 )“\L (1.95)2

= 0.177596167 — 0.168814218 = 0.008781949 sr Q

= Sin —  — SIN -y
BOFC JFC)Z + (OF)? (FC)? ) (PO)? + (OF)?

i e Tl N
- J(535)% + (1.95)2 \/(5‘3§52+(1.95)2 J@®)Z + (1.95)2

= 1.221275136 — 1.1051498¢2

= wygep = Sin~! { be sin~ {( be ) ( Po )}
(DG)? +4QG J(D6)? + (06)2) \\/(P0)? + (0G)?

| - () (o)
6)2 J(9.9)% + (4.6)2) \\/(6)? + (4.6)2

=1.13 0.803382922 = 0.332446454 sr

= WpoGC

) )
C6)? + (0G)? J(€6)2 +(06)?2) \{/(P0O)? + (06)?

Q 3.25 } sin-1 {( 3.25 ) ( 6 )}
( Q (3 J(3.25)2 + (4.6) J(3.25)% + (4.6)2/ \|/(6)? + (4.6)2

= 0.615089573 — 0.475672072 = 0.139417501 sr

~ oo =i | e s (ot (e o)
= Sin — Sin
AOHD (DH)? + (OH)? JOMZ + (0H)2) \\/(PO)Z + (OH)?

e e e e
= Sin — Sin
JBD)Z + (10.25)2 JBDZ+ (10.25)2/) \J(6)? + (10.25)2

= 0.346418989 — 0.172376751 = 0.174042238 sr
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= Wpoyg = Sin~?! { EH } —sin™?! {( EH ) ( bo )}
J(EH)? + (OH)? V(EH)? + (0H)2/ \{/(P0)? + (OH)?

- e - (e (o)
- J(1.8)2 + (10.25)2 J(1.8)2 + (10.25)2/ \|/(6)2 + (10.25)2

= 0.173837242 — 0.087488889 = 0.086348353 sr

— cin—1 L —sin™? £ o
R AOIES { (E])2+(0])2} o0 {<J(E])2+(0])2> (x/(P0)2+(01)2>}

O 9.8 }_ , _1{( 9.8 )( 6 v
o {,/(9.8)2+(3.45)2 o V(9.8)2 + (3.45)2/ \/(6)2 + (3.4

= 1.232304566 — 0.957430258 = 0.274874308 sr

2

- { e s )
= wygj4 = sin {(A])2+(0])2 o V@AN? +(0))? \/Q( )?
= sin~?! {;} —sin™?! {(4\

v (2)% + (3.45)2 J(2)? + (345) 6)% + (3.45)2)}
= 0.525366873 — 0.449793847 = 0.0755 &

Hence, by setting the corresponding values in eq(ll), s@lid angle slbtended by the pentagonal plane at the given

point ‘P’ is calculated as follows )
@ apcpE = (Wporp + Waorc) + (Wpo6D &) + (Wponp + Waone) + (wA()/E - (UAOJA)
= (0.008781949 + 0.116125264) + ( 46454 — 0.139417501) + (0.174042238 + 0.086348353)
+ (0.274874308 N 3026) = 0.777628039 sr

Calculation of Luminous Flu % iform point-source of 1400 Im is located at the given point ‘P’ then the
total luminous flux intercepted\ay*thg' pentagonal plane ABCDE
tted by source  0.777628039 x 1400
T a 4
4

solid angle X tot
= A J

It means that 0 &Q\ 41 Im out of 1400 Im flux is striking the pentagonal plane ABCDE & rest of
the flux is Q 0 the surrounding space. This result can be experimentally verified. (H.C. Rajpoot)

= 86.63434241 lm (Lumen)

Exa : Let’s find out solid angle subtended by a quadrilateral plane ABCD having sides AB = 8cm, BC =
9cm, CD = 6cm,AD = 4cm & —BAD = 70° at a point ‘P’ lying at a normal height 4cm from a point ‘O’
outside the quadrilateral ABCD such that OB = 8cm & OC = 4.2cm & calculate the total luminous flux
intercepted by the plane ABCD if a uniform point-source of 1400 Im is located at the point ‘P’

Mr H.C. Rajpoot (B Tech, ME) @M.M.M. University of Technology, Gorakhpur-273010 (UP) India



mailto:Rajpoot@M.M.M

Advanced Geometry by Harish Chandra Rajpoot, ISBN-13: 978-9383808151

Copyright©2014 by Notion Press Publication, Chennai, India

Sol: Draw the quadrilateral ABCD with known
values of the sides & angle & specify the location of
given point P by P (0, 0,4) perpendicularly outwards
to the plane of paper & F.O.P. ‘O’ (See the figure 8)

Divide quadrilateral ABCD into elementary triangles
AOAB,AODA & AOCD by joining all the vertices of
quadrilateral ABCD to the F.O.P. ‘O’. Further divide
each of the triangles AOAB,AODA & AOCD in two
right triangles simply by drawing perpendiculars OE,
OG & OF to the opposite sides AB, AD & CD in the
respective triangles. (See the diagram)

It is clear from the diagram, the solid angle subtended
by quadrilateral plane ABCD at the given point ‘P’ is
given by Element Method as follows

Area of quadrilateral ABCD =

algebraic sum of areas of elementary triangles Fig 8: Point P is lying perpendicularly outwards to the
plane of paper. All the dimensions are in cm.

\I
 Apgcp = (Apoap — Anoks) + (AAODA ﬁix AAOC])

Now, replacing areas by corresponding values of solid angle, %
wWapcp = (Waoap — Waokp) + (wAODA AO]K) +XWaocp — ‘UAOCJ) --------- )
Now, draw a perpendicular OH from F.O.P. to the Side B |V|de AOKB,AOJK & AOC] into right triangles &
express the above values of solid angle as the al 1&sUM of solid angles subtended by the right triangles only
as follows x
WppAB = WpoEA — WAoEB A = WppGA — WaoGD Wpocp = Waorp — WaoFc
WAoKB = WAoHB — WA 0JKk — WpaoHK — WAOH] Wpoc) = Wporc T Wpowy

e get

Now, setting the above valu
A

Wapcp = (Wpopa — Wp 5+ Waonk) + (wAOGA — WpoGp — WpoHk T wAOH]) + (wAOFD — WppFc —

WpoHC — WAoH ])

Wapcp = wA AOGA + Waorp — WaoER — WaoHB — WaoGD — WaoFc — WaoHC ERpe— (1))

Now, m négessary dimensions & set them into standard formula-1 to find out above values of solid
‘ the sub-elementary right triangles at the given point ‘P’ as follows

9 —E o AE PO
=> @popa = SN { (AE)Z + (OE)Z} > {<\/(AE)2 + (0E)2> <\/(P0)2 F (OE)Z)}

ot 9.4 R 9.4 4
- {./(9.4)2+(7.9)2} - {(J(9.4)2+(7.9)2) (J(4)2+(7.9)2>}

= 0.871887063 — 0.353107934 = 0.518779129 sr

1 L —sin~? A6 £o
= Wpoga = Sin { (AG)2+(OG)2} st {(\/(Aa)u(oc)z) (J(P0)2+(OG)2>}
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= sin™? {—10'5 } —sin™? {( 105 ) ( i )}
JA0.5)% + (6)2 V(10.5)% + (6)2/ \{/(4)? + (6)2

= 1.051650213 — 0.502496173 = 0.54915404 sr

= - ) ()
(DF)2 + (OF)2 J(DF)2 + (0F)2) \{/(P0O)2 + (OF)?

e o) o)
= sin — sin
(8.1)% + (3.65)2 J(B.1)2 + (3.65)2/ \{/(4)? + (3.65)2

= 1.147429185 — 0.738889475 = 0.408539709 sr v
BE BE >< PO

gy = S {,/(BE)2 n (05)2} oS {(w/(BE)Z + (0E)?

_ sin-t {L _ sin"? {(L
JA4)? + (7972 JA4)?+ (79?2

= 0.17539422 — 0.078906232 = 0.096487988
_ 1{ BH PO )}
= Wpoygp = SIN
(BH)2 + (OH)2 +/ (PO)? + (OH)?
7.1 4 )}

—sn { JT1)? + (38)2 8)2 )? ¥ G3. 8)2 J(4)2 ¥ (3.8)2

= 1.079378081 — 0.69346571 3912371 sr

-1{< )
J(D6)? + (06)2) \J(P0)? + (0G)?

} —sin {<\/(6.5)62.5+ (6)2> (J(4)24+ (6)2>}

o CF )( PO )}
w/(CF)2+(0F)2} 0 {<J(CF)2+(0F)2 J(PO)? + (OF)?2

e ) o)
= sin — sin
(2.1)2 + (3.65)2 J2.1)2 + (3.65)2/ \J(4)? + (3.65)2

= 0.522091613 — 0.37726383 = 0.144827783 sr

> w = sin™! { CH } —sin™? {( o ) < o )}
AOHC = (CH)Z + (OH)? J(CH)? + (0H)?) \\/(P0)% + (OH)?

_ 1.9

., 4 1.9 4
- {,/(1.9)2+(3.8)2} o0 {<\/(1.9)2+(3.8)2> <\/(4)2+(3.8)2>}

= 0.463647609 — 0.330197223 = 0.133450386 sr
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Hence, by setting the corresponding values in eq(ll), solid angle subtended by the pentagonal plane at the given
point ‘P’ is calculated as follows

WABcD = WaoEa T WpoGa T Waorp — WaoEB — WAoHB — WaoGp — WaoFc — WaoHC

= 0.518779129 + 0.54915404 + 0.408539709 — 0.096487988 — 0.385912371 — 0.405557371
— 0.144827783 — 0.133450386 = 0.310236979 sr

Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the
total luminous flux intercepted by the quadrilateral plane ABCD

_ solid angle x total flux emitted by source  0.310236979 x 1400

o o = 34.56302412 Mn)
D

It means that only 34.56302412 Im out of 1400 Im flux is striking the quadrilateral p
the flux is escaping to the surrounding space. This result can be experimentally verifted.

rest of
. Rajpoot)

Thus, all the mathematical results obtained above can be verified by the experigagntalNcesults.” Although, there
had not been any unifying principle to be applied on any polygonal plane for an uration & location of the
point in the space. The symbols & names used above are arbitrary given by e r H.C. Rajpoot.

Note: This hand book has been written by the author i
memorise the formulae from the book “Advanced Geome
have been given in the book.

that it will help to the learners to
e derivations & detailed explanation
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