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1. Introduction:

Consider three circles having centres A, B & C and radii a, b & c respectively,
touching each other externally such that a small circle P is inscribed in the gap
& touches them externally & a large circle Q circumscribes them & is touched
by them internally. We are to calculate the radii of inscribed circle P (touching
three circles with centres A, B & C externally) & circumscribed circle Q
(touched by three circles with centres A, B & C internally) (See figure 1)

2. Derivation of the radius of inscribed circle: Let r be the radius of
inscribed circle, with centre O, externally touching the given circles, having
centres A, B & C and radii a, b & c, at the points M, N & P respectively. Now
join the centre O to the centres A, B & C by dotted straight lines to obtain
AAOB, ABOC & AAOC & also join the centres A, B & C by dotted straight lines

to obtain AABC (As shown in the figure 2 below) Thus we have Figure 1: Three circles with centres A, B & C and
radii a, b & c respectively are touching each other
AM = g, BN = b, CP=c & externally. Inscribed circle P & circumscribed
circle Q are touching these circles externally &
internally

OM = ON = OP = r (radius of inscribed circle)
In AABC

AB=a+b, BC=b+c & AC=a+c

AM=a
) ) AB + BC + AC
= semiperimeter = —
a+b+b+c+a+c
s= =a+b+c

2

_=<ACB _ (s —AC)(s — BC)
sm—H = (AC)(BC)

a (a+b+c—a—-c)la+b+c—b—0)
R @+ob+0

2
a ab
sin—= |——— (D
2 (a+c)b+c) Figure 2: The centres A, B, C & O are joined to each other by

dotted straight lines to obtain AABC,AAOB,ABOC & AAOC

Similarly, in ABOC

. OB +BC +0C r+b+b+c+r+c
semiperimeter = = 5= >

=b+4+c+r
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~=BCO _ |s(s—0B) ai  |(b+c+r)b+c+r—r—b) |cb+c+T)
ST T [BOwo T2 T b+ +0) T roc+n

ccb+c+r1)

aq
coSs—= |[—F——— (I
2 b+c)c+r) an
Similarly, in AAOC
L O0A+AC+0C r+at+a+c+r+c
semiperimeter = — > 5= 3 =a+cH+r
—ACO s(s — 04) a, (@a+c+nr)a+c+r—r—a) cla+c+r)
= = —_—= =
€0sT ac)oc) ~ 72 (@a+o)(r+c) (@a+o(c+n)
a, cla+c+r)
—_—= |—— (I
€053 (a+c)(c+r1) (n
Now, again in AABC, we have
a, a

—=—ACO+ =BCO = _<ACB = a,+a;=a or 74_7—5

Now, taking cosines of both the sides we have

(a1+a2) a 0! az a az a
COS\ —+—=) =cos—- = cos —COS——SlTl —SlTl——COS—
2 2 2 2 2 2 2 2

( ay ay aq ay a2
= (cos —cos — — sin —sin —) (cos —)
2 2 2

2 2
L0 L0 L0 . L0 a, a, a, a, ,Q
= €052 — c0s% —= + sin? — sin? — — 28in — sin — cos — cos — = cos? —
2 2 2 2 2 2 2 2
a, a, a, a, ,a a, a, a, a,
= cos?—cos®—=+ (1 — cos? —) (1 — cos? —) — c0s? = = 2sin —sin = cos — cos —
2 2 2 2 2 2 2 2 2
L0 L0 i1 , 01 , 01 N L, L0 ,a _, a, a, a, a,
= c0s?— cos? —= — c05% — — c05% — + c05% — c0s% —= — c0s% — = 2Sin — sin —C0S — C0S —
2 2 2 2 2 2 2 2
L, L0 , % , 01 a a, a, a;
= 2 c05% — c0s? =% — c0s% — — c05% — + sin? — = 2¢0s — cos — (1—cosz—) (1—0052—)
2 2 2 2 2 2 2 2
L, L, , , , 0\2 ,0 L, , , 02
(2 cos? —cos?*—= — cos? — — cos?> — + sin —) = 4cos* —cos —(1 — cos —) (1 — cos —)
2 2 2 2 2 2 2 2
a4 L L, L0, L0 L, L« 0 L,
= 4 cos* — cos* — — 2 cos* — cos? — — 2 cos? — cos* —+ 2 cos? — cos? —2 sin? — — 2 cos* — cos? —
2 2 2 2 2 2 2 2 2 2
N L0 N L0 L0 L, L, 5 L0, N L0 L0
cos* — + cos? — cos? — — cos? — sin® = — 2 cos® — cos* — + cos? — cos? —=
2 2 2 2 2 2 2 2
a, a, . a a, a, . a a, L a a, . a
+ cos* = — cos? —=sin? =+ 2 cos? —cos? == sin? — — cos? —sin? = — cos? —=sin® —
2 2 2 2 2 2 2 2 2
N W a _ 4 L0 L, 4 L L, 4 , 01 2,4 L,
sin* = = 4 cos? — cos? —= — 4 cos* — cos? — — 4 cos? — cos* —= cos* —cost—=
2 2 2 2 2 2 2 2
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o a; L 4@ a; a , ,« a; a; a L,
= cos* —+ cos* ==+ sin* = + 4 cos? —cos? == sin®> = — 2 cos? — cos? == — 2 cos? —sin® —
2 2 2 2 2 2 2 2 2
a, . a
—2cos?>—=sin?==0
2 2
a; a; L, a a a; L, a L, a a;
= cos*—+ cos* =+ sin* =+ cos?—cos?* = (45m2 —— 2) — 2sin®? = ( cos? —+ cos? —) =0
2 2 2 2 2 2 2 2 2

Now, substituting all the corresponding values from eq(l), (11) & (l11) in above expression, we have

cb+c+r) cla+c+r) ab
broc+n) Jarocrn| "\ Jarorro
cb+c+r) cla+c+r) 4 ab
(b+c)(c+r) (a+c)(c+r) (a+c)b+co)|
) ab c(b+c+r) cla+c+r) — 0
|\ J@rov+o broc+n] \Jarocn) (T
c2(b+c+71)? c(a+c+r)? a’b? cla+c+r)(b+c+r) 4ab )
b+ c)2(c+r)? (a+c)2(c+1’)2+(a+c)2(b+c)2 (a+c)(b+c)(c+r)? ((a+c)(b+c)_ )

2abc (b+c+r) (a+tc+r))
_(a+c)(b+c)(c+r){ b+0 | @+o }‘

Now, on multiplying the above equation by (a + ¢)?(b + ¢)?(c + r)?, we get

c2la+c)*b+c+r)2+ci(b+c)*(a+c+71)%+a?b?(c+7)?
+c?(a+c+7r)b+c+71)2ab — 2bc — 2ac — 2c¢?)
—2abc(c+r){(a+c)b+c+r)+(b+c)(a+c+r)}=0

= c2a+ )P +2b+)r+ B +)* T+ (b + ) {r? +2(a+)r + (a+c)?} + a?b?(r? + 2cr + c?)
+c?(2ab — 2bc — 2ac — 2c){r? + (a+ b +2c)r + (a+ c)(b + ¢)}
—2abc(c+r){(a+b+2c)r+2(a+c)(b+c)}=0

= {c?(a+c)?+c?(b +c)? + a?b? + 2c?(ab — bc — ac — c?)}r?
+{2c?(a+c)(b+c)(a+ b+ 2c)+ 2a?b?c + 2¢?(a + b + 2c)(ab — bc — ac — ¢®)}r
+2c%(a + c)?(b + ¢c)? + a?b?c? + 2c?(a + ¢)(b + c)(ab — bc — ac — c?)

—2abc(a + b + 2c)r? — 2abc{2(a+ c)(b +¢) + c(a+ b + 2¢)}r — 4abc?(a + c)(b + ¢)
=0

= {a?c? + ¢* + 2ac® + b%c? + ¢* + 2bc® + a?b? + 2abc? — 2bc® — 2ac® — 2¢* — 2a%bc — 2ab?c
— 4abc?}r?
+ {2a?bc? + 2a?c® + 2bc* + 2¢5 + 4abc® + 4ac* + 2ab?c? + 2b%c® + 2ac* + 2¢5
+ 4abc3 + 4bc* + 2a?b%c + 2a?bc? — 2abc® — 2ac® — 2ac* + 2ab?c? — 2b?%c3
— 2abc® — 2bc* + 4abc® — 4bc* — 4ac* — 4c® — 4a?b?*c — 6ab?c? — 6a’bc? — 8abc3r
+ {a?b?c? + 4a?b?c? + 4ab?c® + 4a®bc® + 4abc* — 4a?b?c? — 4ab?c® — 4a’bc3
—4abc*} =0

= {a%b? + b%c? + c?a? — 2abc(a + b + c)}r? — 2abc(ab + bc + ca)r + a?b?c? =0

Now, solving the above quadratic equation for the values of r as follows
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_ 2abc(ab + bc + ca) + \/{Zabc(ab + bc + ca)}? — 4{a?b?c?H{a?b? + b?c? + c?a? — 2abc(a + b + ¢)}

" 2{a%b? + b%c? + c?a? — 2abc(a + b + ¢)}

_ 2abc(ab + bc + ca) + 2abcvV4a?bc + 4ab?c + 4abc? _ abc(ab + bc + ca) + abc/4abc(a + b + ¢)
B 2{a%b? + b2c? + c%2a? — 2abc(a + b + ¢)} B (ab + bc + ca)? — 4abc(a+ b + ¢)

(ab + bc + ca) + 2 /abc(a+ b + )

2
(ab + bc + ca)? — (2 abc(a+ b + c))

= r =abc

Case 1: Taking positive sign, we get

(ab + bc + ca) + 2 /abc(a + b + ¢) ( 1 )
5 | = abc

(ab + bc + ca)? — (2 abc(a + b + c)) (ab + bc + ca) — 2/abc(a + b + )

r = abc

= 1r<0 Vab,c>0 butr > 0 hence this value of radius r is discarded

Case 2: Taking negative sign, we get

r = abc

(ab + bc + ca) — 2 /abc(a + b + ¢) b < 1 >
= abc
(ab + bc + ca)? — (2 abc(a + b + C))Z (ab + bc + ca) + 2/abc(a + b +¢)

= 1r>0 Vab,c>0 hence this value of radius r is accepted
Hence, the radius (r) of inscribed circle is given as

abc
Tr =
2./abc(a+ b + c) + (ab + bc + ca)

(r>0 VYab,c>0)
Above is the required expression to compute the radius () of the inscribed circle which externally touches
three given circles with radii a, b & c touching each other externally.

3. Derivation of the radius of circumscribed circle: Let R be the radius of circumscribed circle, with
centre O, is internally touched by the given circles, having centres A, B
& C and radii a,b & c, at the points M, N & P respectively. Now join
the centre O to the centres A, B & C by dotted straight lines to obtain
AAOB, ABOC & AAOC & also join the centres A, B & C by dotted
straight lines to obtain AABC (As shown in the figure 3) Thus we have

AM = aq, BN = b, CP=c &
OM = ON = OP = R (radius of circumscribed circle)
OA=0M—-AM=R—-a, OB=R—-b & 0C=R-c
In AAOB

OA=R—-a, AB=a+b & 0OB=R-b

OA+ AB + 0B Figure 3: The centres A, B, C & O are joined to
2 each other by dotted straight lines to
obtain AABC,AAOB,ABOC & AAOC

semiperimeter =
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R—a+a+b+R—b_R

S =

2
_—AOB _ |(s—0A)(s—-0B) |R—R+a)R—R+b) ab let OB —
ST T (0A)(0B) R—a@R-b)  |R-—a®R-b ¢ ¢
o i a ab I
st = {R—o®R=-D TR ¢ )
Similarly, in ABOC
o OB + BC + 0C
semiperimeter = —
R—-b+b+c+R—-c
5= =R
2
~=—B0OC s(s — BC) a, R(R—b -0 I
€cos— (0B)(0C) S T I R-bR-0 {n
Similarly, in AAOC
o OA+ AC+0C R—a+a+c+R—-c
semiperimeter = ————— = § = =R
2 2
=A40C _ |s(s—AC) _ @ _|R(R-a-o) 1
cos > = (om0 cos 2~ [R—a®R=0 TN ¢ 15

Now, again in AAOB, we have
a;  Qa
~=—B0OC+ A0C = ZAOB = a,+a; =a or 7+7_E

Now, taking cosines of both the sides we have

( a n az) a ay az L a
cos| —+ —=) =cos= = cos —cos — — sin —Sin — = coS—
2 2 2 2 2 2 2 2

2 2

ay 4%} L X A a
= (cos 7(,‘05 — —sin —sin —) = (cos E)

2 2 2
501 5 02 L Y LS ) a a; , @
= c0s? —co0s? == + sin? —sin® —= — 2sin — sin —cos — c0S — = cos? —
2 2 2 2 2 2 2 2
o, oz a 4%) a .o ap oy az
= c0s?—cos?*—+ (1 — cos? —) (1 — cos? —) — c0s?% — = 2sin —sin —cos — cos —
2 2 2 2 2 2 2 2
a az ai ai o, a3 a . 1 . ay a3
= c0s?—c0s*—+ 1 — c0s®> — — c0s®> — + c0s? — c0s? = — c0s? — = 2sin — sin — coS — c0S —
2 2 2 2 2 2 2 2 2 2
o, 4%) o, ai L, a a [4%) oy az
= 2 c0s®>—c0s*—= — c0s? — — c0s? — + sin®? = = 2cos —cos — (1 — cos? —) (1 — cos? —)
2 2 2 2 2 2 2 2 2
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o a; a; a; a2 a a; a; a;
= (2 cos? —cos? == — cos? — — cos? — + sin? —) = 4cos? —cos? = (1 — cos? —) (1 — cos? —)
2 2 2 2 2 2 2 2 2
o, ar o, az a 4%) oy a . ,Qa ay ay
= 4 cos*—cos* = — 2 cos* —cos? —= — 2 cos? —cos* ==+ 2 cos? —cos? = sin®> = — 2 cos* —cos? =
2 2 2 2 2 2 2 2 2 2 2
a a a; a L, a; a; a a;
+ cos* —+ cos?—cos?—= — cos?—sin? = — 2 cos? —cos* ==+ cos? —cos*—=
2 2 2 2 2 2 2 2
aj a, ., « a a, .« a |, a, .«
+ cos* = — c0s? —=5sin? = + 2 cos? —cos? —=sin® — — cos? —sin®> = — cos? —=sin® —
2 2 2 2 2 2 2 2 2 2
L, a; a; a; a; a a; a; a;
+ sin* = = 4 cos® —cos?* == — 4 cos* —cos? == — 4 cos? —cos* == + 4 cos* —cos* =
2 2 2 2 2 2 2
a a L& o, a . ,Qa oy 2 a .,
= cos*—+ cos* =+ sin* = + 4 cos? —cos? = sin®> = — 2 cos*> —cos? —= — 2 cos® —sin® —
2 2 2 2 2 2 2 2 2
a, .«
—2cos?=Lsin*==0
2 2

a; a; L, a a a; L, a L, a a;
= cos*—+ cos* =+ sin* =+ cos?—cos?—= (45m2 —— 2) — 2sin® = ( cos? —+ cos? —) =0
2 2 2 2 2 2 2 2

Now, substituting all the corresponding values from eq(l), (11) & (Ill) in above expression, we have

4 4 4

R(R—b—20) R(R—a—-c) ab
R-bkR-0) \[&k-or-0) "\ [R-o& -1
2 2 2
\]R(R—b—c) \/R(R—a—c) 4 ab _,
(R—b)(R —¢) (R-—a)R -0) (R—a)(R—Db)
2 2 2
5 ab ’R(R—b—c) N ’R(R—a—c) ~o
(R—a)(R—b) (R-b)(R-10) (R-—a)(R—-1c¢)
R2(R—b—c)? R’(R—a—c)? a’b?
(R=Db)*(R —c)? * (R—a)*(R—c)*  (R—a)* (R — b)?
RER—-b—-c)R—a—c) 4ab
(R —a)(R — b)(R — ¢)? ((R—a)(R—b)_2>
2abR (R-b—-¢) (R—a-20)
_(R—a)(R—b)(R—c){ ®R-b) T ®-0 }ZO

Now, on multiplying the above equation by (R — a)?(R — b)?(R — c)?, we get

R (R—a)’(R—b—0c)?+R* (R—b)*(R—a—c)? + a?b?(R — ¢)?
+R*(R—b—c)(R—a—c){2ab — 2R? + 2(a + b)R}
—2abR(R—c){(R—a)(R—-b—-c)+(R—-b)(R—a—-¢)}=0

= R*(R—a)>(R>-2(b+ )R+ (b +¢c)?}+ R*(R — b)*{R* - 2(a+ c)R + (a + ¢)?}
+ a?b?(R? — 2cR + c?)
+R*R?—(a+b+2c)R+ (a+c)b+c)H2ab — 2R?> + 2(a + b)R}
—2abR(R—c){2R?-2(a+b+c)R+alb+c)+bla+c)} =0

= {R* =2+ )R>+ (b + c)?R?}(R? + a® — 2aR) + {R* — 2(a + c©)R® + (a + c)?R?}(R? + b? — 2bR)
+ a?b?R? — 2a’b?cR + a?b?c?
+{R*—(a+b+2c)R®+ (a+c)(b+c)R*}{2ab — 2R? + 2(a + b)R}
+ (2abcR — 2abR*){2R?> —2(a+b+c)R+a(b+c) +b(a+¢c)} =0
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= R®—2(b+ c)R% + (b + ¢)?R* + a?R* — 2a?*(b + c)R® + a?(b + ¢)?>R? — 2aR® + 4a(b + c)R*
—2a(b +c)?R® + R% — 2(a + c)R® + (a + ¢)?*R* + b?R* — 2b?(a + ¢)R?
+ b%(a + ¢)?R? — 2bR® + 4b(a + c)R* — 2b(a + ¢)?R3 + a?b?R? — 2a?b*cR + a’b?c?
+ 2abR* — 2ab(a + b + 2¢)R® + 2ab(a + c)(b + ¢)R?> — 2R® + 2(a + b + 2¢)R®
—2(a+c)(b+ c)R* — 4abc(a + b + c)R? + 4ab(a + b + c)R® + 2abc(2ab + ac + bc)R
—2ab(2ab + ac + bc)R?> =0

= {a?b? + b?%c? + c%a® — 2abc(a + b + ¢)}R? + 2abc(ab + bc + ca)R + a’b?c? =0
Now, solving the above quadratic equation for the values of R as follows

R
—2abc(ab + bc + ca) + \/{—Zabc(ab + bc + ca)}? — 4{a?b?c?}{a?b? + b%c? + c%a? — 2abc(a + b + ¢)}
2{a?b? + b?c? + c?a? — 2abc(a + b + c)}

—2abc(ab + bc + ca) + 2abcV4a?bc + 4ab?c + 4abc? _ —abc(ab + be + ca) + abcy/4abc(a + b + ¢)
2{a?b? + b%c? + c%2a? — 2abc(a + b + ¢)} h (ab + bc + ca)? —4abc(a+ b +¢)

—(ab + bc + ca) + 2\/abc(a + b + ¢)

2
(ab + bc + ca)? — (2 abc(a+ b+ c))

= R =abc

Case 1: Taking positive sign, we get

R = abc

—(ab + bc + ca) + 2\/abc(a + b + ¢) b < 1 )
= —abc
(ab + bc + ca)? — (2 abc(a + b + C))Z (ab + bc + ca) + 2/abc(a + b+ ¢)

= R<0 Vab,c>0 butR > 0 hence this value of radius R is discarded

Case 2: Taking negative sign, we get

R = abc

—(ab + bc + ca) — 2\/abc(a+ b + ¢) < 1 )
=-a

2
(ab + bc + ca)? — (2 abc(a + b+ c)) (ab + bc + ca) — 2yJabc(a + b +¢)

1
= abc( )
2 Jabc(a+ b +c)— (ab + bc + ca)

= R>0 Vab,c>0 hence this value of radius R is accepted
Hence, the radius (R) of circumscribed circle is given as

abc

R=
2/ abc(a+ b+ c) — (ab + bc + ca)

Above is the required expression to compute the radius (R) of the circumscribed circle which is internally

(R>0 Vab,c>0)

touched by three given circles with radii a, b & c touching each other externally.

NOTE: The circumscribed circle will exist for three given radiia,b & c (a = b = ¢ > 0) if & only if the following
inequality is satisfied
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ab
c>———
(Va +vb)
For any other value of radius ¢ (of smallest circle) not satisfying the above inequality, the circumscribed circle

will not exist i.e. there will be no circle which circumscribes & internally touches three externally touching
circles if the above inequality fails to hold good.

Special case: If three circles of equal radius a are touching each other externally then the radii r & R of
inscribed & circumscribed circles respectively are obtained by setting a = b = ¢ = a in the above expressions

as follows
abc a3 a3
Tr = = =
2\Jabc(a+b+c¢) + (ab+bc+ca) 2Ja*(a+a+a)+ (a®+a?+a?) 2V3a?+3a?
e a(2V3 = 3) a(2V3-3) ( 2 1) 0.154700538
= = = = a\—-— =~ U. a
2V3+3  (2v3+3)(2v3-3) 3 V3
abc ad a3
= R = = =
2Jabc(a+b+c¢)—(ab+bc+ca) 2Ja*(a+a+a)—(a®+a?+a?) 2vV3a%-3a?
a a(2v3 +3) a(2v3 +3) ( 2 1) ) 154700538
= = = =al\— x L. a
2v3-3 (2v3-3)(2V3 +3) 3 V3

4. Derivation of the radius of inscribed circle: Let r be the radius of inscribed circle, with centre C,
externally touching two given externally touching circles, having centres A & B and radii a & b respectively, and
their common tangent MN. Now join the centres A, B & C to each other as well as to the points of tangency M,
N & P respectively by dotted straight lines. Draw the perpendicular AT from the centre A to the line BN. Also
draw a line passing through the centre C & parallel to the tangent MN which intersects the lines AM & BN at
the points Q & S respectively. (As shown in the figure 4) Thus we have

-

AM = q, BN = b, CP=r=?
In right AATB

AB=a+b & BT =BN—-TN=BN—-AM=b—a

= AT = J(AB)? — (BT)?

=/(a+b)? - (b —a)? =4ab = 2ab
~ AT=QS=MN=2Vab ........(I)

In right AAQC Figure 4: A small circle with centre C is externally touching two
given externally touching circles with centres A & B and their

AC=a+r & AQ=AM~QM =AM —CP=a~7 (o0 ngent MN

= QC =/(A0)? - (AQ)?

=J(a+1)? - (a—7)?=Viar = 2Var . Q€C=MP =2ar .......(II)
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In right ABSC
BC=b+r & BS=BN—-SN=BN—-CP=b-—r
= €S =+/(BC)2— (BS)2=+/(b+71)2—(b—1)2 =Vabr = 2Vbr . €S =PN =2Vbr ........(I1II)
From the above figure 4, it is obvious that MP + PN = MN now, substituting the corresponding values, we
get
Vab
2var + 2Vbr =2Vab = Vr(Va+Vb)=Vab = Jr=——7—
(Va +b)

_( Vab )2_ ab
“\(Va+vb)) a+b+2Vab

ab ab
Tr = =
a+b+2Vab (\/54_\/3)2

(r>0 Vab>0)

Above is the required expression to compute the radius (1) of the inscribed circle which externally touches
two given circles with radii a & b & their common tangent.

Special case: If two circles of equal radius a are touching each other externally then the radius 7 of inscribed
circle externally touching them as well as their common tangent, is obtained by setting a = b = a in the above
expressions as follows

2 2

ab a a a
- > r=

r = = = — =
a+b+2Vab a+a+2Va?2 4a 4

a
4

5. Relationship of the radii of three externally touching circles enclosed in a smallest rectangle:
Consider any three externally touching circles with the centres A, B & C and their radii a,b & ¢ (Va > b = ¢)
respectively enclosed in a smallest rectangle

PQRS. (See the figure 5) P

Now, draw the perpendiculars AD, AF & AH from
the centre A of the biggest circle to the sides PQ,
RS & QR respectively. Also draw the
perpendiculars CE & CM from the centre C to
the straight lines PQ & DF respectively and the
perpendiculars BG & BN from the centre B to
the straight lines RS & DF respectively. Then join
the centres A, B & C to each other by the
(dotted) straight lines to obtain AABC. Now, we
have

AD=AF =a, BG=b & CE=c (Vb,c <a) S F G R

AB=a+b, BC=b+c& AC=a+c Figure 5: Three externally touching circles with their centres A, B & C and radii
a,b&c (V a> b = c) respectively are enclosed in a smallest rectangle PQRS.

Now, applying cosine rule in right AABC
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Derivations of inscribed & circumscribed radii for three externally touching circles

(AB)? + (AC)? — (BC)?
2(AB)(AC)

a+b)?+(a+c)?—(b+c)?
cos=BAC = =( ) ( )~ ( )

2(a+b)(a+c)

a?+b?+2ab+a*+c?+2ac—b?*—c?>—-2bc a’*+ab+ac—bc ala+b)+cla—D>b)
cosa = = =

2(a+b)(a+c) (a+b)a+c)  (a+b)a+c)
_a(a+b)+c(a—b) |
cosa = @ibato veneee ee e e e e e ()

= sina =m=\/1_<a(a+b)+c(a_b)>z

(a+b)la+c)

_ Jaz(a +b)? + c2(a + b)? + 2ac(a + b)? — a?(a + b)? — c2(a — b)? — 2ac(a? — b?)
B (a+b)(a+c)

J4abc? + 4abc(a + b)

stna (a+b)(a+c) un
In right AANB
. AABN—AN—AF_NF—AF_BG
st “AB~ 4B 4B
ing = 22 11
S = a T b i
BN AB)2 — (AN)? a+b)2—(a—b)2 +ibab
coszABN=—=\/( ) (4N) =\/( ) ( ) =
AB AB a+b a+b
S cosg = VP v
cosf = a+b TR 0474
In right AAMC
e ACM AM AD - MD AD - CE in( 6) a—c
= = = = — =
St AC AC AC St a+c

= (a+c)sinfle—0)=a—c or (a+c)(sinacosd — cosasinf) =a—c

Now, by substituting the corresponding values from the eq(l), (I}, (Ill) & (IV) in the above expression, we get

\/4abc2+4abc(a+b) 2vab a(a+b)+c(a—b) a-b B
@+oc) (a+b)(a+c) Xa+b_ (a+b)(a+c) a+b -a~c¢

4aby/c* +c(a+b) ala+b)a—b)+cla—b)*\
> @+ et @+ Db)2@+o) sae-¢

= 4ab+/c?+ c(a+b) —a(a? — b?) — c(a — b)? = (a — ¢)(a + b)?
= 4ab/c?2 +c(a+b) =ala+ b)?>—c(a+ b)?+a(a? — b?) + c(a — b)?

= 4ab+/c?2 +c(a+b) = af{(a + b)? + a? — b?} — c{(a + b)? — (a — b)?}
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= 4ab+/c? + c(a + b) = a(2a? + 2ab) — c(4ab)

= 2b./c?+cla+b)=ala+b)—2bc

Now, taking the square on both the sides, we get
(Zb c2+c(a+ b))2 = (a(a + b) — 2bc)?
= 4b?(c? + c(a+ b)) = a*(a+ b)? + 4b*c? — 4abc(a + b)
= 4b%c? + 4b%c(a + b) = a*(a + b)? + 4b?c? — 4abc(a + b)
= 4b%c(a + b) + 4abc(a + b) = a*(a + b)?
= 4bc(a+b)(b+a) = a*(a+b)* or 4bc(a+ b)? = a?(a+ b)? = 4bc = a?

> a’=4bc or a=2Vbc Va>b>c

Above relation is very important for computing any of the radii a, b & c if other two are known for three
externally touching circles enclosed in a smallest rectangle.

Dimensions of the smallest enclosing rectangle: The length L & width B of the smallest rectangle PQRS
enclosing three externally circles touching circles are calculated as follows (see the figure 5 above)

Length, L =PQ =RS =SF+FG+GR=a+2Vab+b=a+b+2Vab = (Va+b)’

Width, B=PS = QR =DM = 2a

2
~ Length,L = (Va++Vb) & Width,B=2a V a*=4bc & a>b>c

Thus, above expressions can be used to compute the dimensions of the smallest rectangle enclosing three
externally touching circles having radiia,b & ¢ (a > b = c).

6. Length of common chord of two intersecting circles: Consider
two circles with centres 0, & 0, and radii r; &, respectively, at a
distance d between their centres, intersecting each other at the points
A & B (As shown in the figure 6). Join the centres 0; & O, to the point
A. The line 0,0, bisects the common chord AB perpendicularly at the
point M. Let AM = x then the length of common chord AB = 2x. Now

In right triangle AAMO, ,

0.M = \/(0,4)? — (AM)? = \[r;2 — x?

Similarly, In right triangle AAMO, ,

Figure 6: Two circles with the centres 0; & 0, and radii
MO, = /(0,4)% — (AM)? = /1,2 — x2 1 2
2 \/( 24) (4M) ‘/ 2 r1 & T, respectively at a distance d between their

Now centres, intersecting each other at the points A & B

0,0, = O,M + MO,
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Substituting the corresponding values, we get

d=r?2—x2+r2—x2

Taking squares on both the sides,

d? = (\/rlz —x2+ 12— xz)z

n?—x?+ 1,2 —x2 4+ 2/(r2 — x2) (1% — x2) = d?

22 —x2) (2 —x2) = 2x2 + d? — 1,2 — 1,2
42 —xD)(r?2 —x?) = (2x?2+d? — 2 —np%)?
41 %12 — 42+ n)x? +4x* = 4x* + (d? — 12 —1,2)2 + 4(d? — 1,2 — 1 2)x?
4d%x? = 41,%1,% — (d? — 1,2 — 1,2)?

_ (2ryry)? — (d* —n? —1,?)?

4x? 72
2 (27‘17'2 + dz - le - rzz)(zrlrz - d2 + T'12 + TZZ)
4x° = 7
4x? = (d* = (n = 1)) (1 +15)* — d?)
X" = Fp
_ @ = (n = 1)) ((n +1)? —d?)
2x = 7
T V(@ = (= 1)) (1 +1)? = d?)

d

Hence, the length of the common chord of two intersecting circles with radii r; & r, at a distance d between
their centres is

\/{dz = (ry —1)*H(ry + 1)? — d?}
d

Length of common chord, L = V Iry—ry|<d<r;+r,

Special case: If r; # 1, then the maximum length of common chord of two intersecting circles
= 2 x min(ry,1,) = diameter of smaller circle at a central distance d = /112 — 1,2|
Angles of intersection of two intersecting circles: Let .~ AO,M = 6, & ——A0,M = 6, (See above fig 6).

In right AAMO, , we have

AM Ly
sin =ZAO;M = — = sinf; =—==
A0, n 2r

L
= 0, =sin~! (F) = semi aperture angle subtended by common chord AB at centre 0,
1

Similarly, in right AAMO, ,
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L
= AO0,;M = 0, = sin?! (F) = semi aperture angle subtended by common chord AB at centre O,
2

Now, it can be easily proved that one of the two supplementary angles of intersection (8) is given as the sum
of above two semi-aperture angles 8; and 8, subtended by common chord AB at the centres 0; & O, of two
intersecting circles (see above fig. 6)

L L
0=0,+6,=sin"! <—) + sin~! <—)
2n A

Hence, both the supplementary angles of intersection of two intersecting circles are given as follows

L L
0 =sin?! (—) + sin™?! (—) & m—6
2rq 2r,

\/{dz — (=) + )% —d?}

Where, L =
ere P

Vi ri—r|<d<ri+nr,

Area of intersection (A) of two intersecting circles: As we have computed above, 26, is the angle of
aperture subtended by common chord AB at the centre O, of circle with a radius r; hence the area (4,) of
segment of corresponding circle is give as (Refer to fig.6 above)

A; = Area of sector 0, AB — area of isosceles AO; AB

1 , 1 _
= 5(291)7‘1 —3 (ry X 17)sin26,

1 . )
= 5(26?1 —sin 26,)ny

1
=3 (26, — 2sin @, cos ;)12

= (6, — sin B, cos B,)r; >

Similarly, the area (A,) of segment of circle with a radius r, & aperture angle 26, subtended by common chord
AB at the centre 0, , is given as follows

A, = (6, — sin 8, cos 0,)r,2

Now, the area of intersection (A) of two intersecting circles will be equal to the sum of areas 4; & A, of
segments as computed above

A=A+ A, = (0, —sinB; cos 8;)r;? + (6, — sin B, cos B,)1,>

Hence, the area (A) of intersection of any two intersecting circles of radii r; & r, separated by a central
distance d is given as

A= (0, —sin8, cos 0,)r,* + (8, — sin O, cos 0,)r,>

Vi{d? = (n =)} +13)? — d%)
d

Where, 6, = sin™! (i), 0, = sin™?! (L> & L=
2r; 2r,

v |r1—r2|SdST1+TZ
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Conclusion: All the articles above have been derived by using simple geometry & trigonometry. All above
articles (formula) are very practical & simple to apply in case studies & practical applications of 2-D Geometry.
Although above results are also valid in case of three spheres touching one another externally in 3-D geometry.

Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
M.M.M. University of Technology, Gorakhpur-273010 (UP) India Feb, 2015
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