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Introduction: A great rhombicosidodecahedron is the largest Archimedean solid which has 30 congruent
square faces, 20 congruent regular hexagonal faces & 12 congruent regular decagonal faces each having equal
edge length. It has 180 edges & 120 vertices lying on a spherical surface

with a certain radius. It is created/generated by expanding a truncated

dodecahedron having 20 equilateral triangular faces & 12 regular

decagonal faces. Thus by the expansion, each of 30 originally truncated

edges changes into a square face, each of 20 triangular faces of the original

solid changes into a regular hexagonal face & 12 regular decagonal faces of

the original solid remain unchanged i.e. decagonal faces are shifted radially.

Thus a solid with 30 squares, 20 hexagonal & 12 decagonal faces, is

obtained which is called great rhombicosidodecahedron which is the

largest Archimedean solid. (See figure 1), thus we have

no.of square faces = 30, no.of regular hexagonal faces = 20

no.of regular decagonal faces = 12,

a

no.of edges =
12(no.of edges in a decagonal face) + 2(no.of square faces) =
12(10) + 2(30) = 120 + 60 = 180

Figure 1: A great rhombicosidodecahedron having 30
congruent square faces, 20 congruent regular
hexagonal faces & 12 congruent regular decagonal

faces each of equal edge length a

no.of vertices = 12(no.of vertices in a decagonal face) = 12(10) = 120

We would apply HCR’s Theory of Polygon to derive a mathematical relationship between radius R of the
spherical surface passing through all 120 vertices & the edge length a of a great rhombicosidodecahedron for
calculating its important parameters such as normal distance of each face, surface area, volume etc.

Derivation of outer (circumscribed) radius (R,) of great rhombicosidodecahedron:

Let R, be the radius of the spherical surface passing through all 120 vertices of a great
rhombicosidodecahedron with edge length a & the centre O. Consider a square face ABCD with centre O,
regular hexagonal face EFGHIJ with centre O, & regular decagonal face KLMNPQRSTU with centre O; (see the
figure 2 below)

Normal distance (H,) of square face ABCD from the centre O of the great rhombicosidodecahedron is
calculated as follows

In right AAO, O (figure 2)

00, =/ (04)? — (0,4)*

a
i = circumscribed radius of square)

(D
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¥,

Figure 2: A square face ABCD, regular hexagonal face EFGHIJ & regular decagonal face KLMNPQRSTU each of edge length a

—— — ——_—— — —

We know that the solid angle (w) subtended by any regular polygon with each side of length a at any point
lying at a distance H on the vertical axis passing through the centre of plane is given by “HCR’s Theory of
Polygon” as follows

. T
ZHSlnE \

/ 2 2,028
\ 4H? + a®cot n/

Hence, by substituting the corresponding values in the above expression, we get the solid angle (w;)

1

w = 2w — 2nsin”

subtended by each square face (ABCD) at the centre of the great rhombicosidodecahedron as follows

/ /ZRO2 —a?\ . ® \
2( T) sing |
2
2R,* — a? 2 T
4 f + a<cot Z
V2/2R,? — a? x %

> A V2R,? — a? A 2R,% — a?
= 47T — o SIn —— | = 47T — o SIh T
V4R, — 2a? + a2(1)? V4R, — a? 4R,* — a?

R
Let 70 = x > 1 (any arbitrary variable)

wg =21 — 2 X 4sin”?

1

= 21 — 8sin~

R \?2 \

ao) ! = 27 — 8sin! 2x* 1 1l
Ro)z_l =2r sin 21 ver e e (1)
a
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Similarly, Normal distance (H;) of regular hexagonal face EFGHIJ from the centre O of the great
rhombicosidodecahedron is calculated as follows

In right AEO,0 (figure 2)
00, = +/(0E)? — (0,E)? (0,E = a = circumscribed radius of regular hexagon)

= H, =+(R,)? - (a)? = _|R,? — a? R /1))

Hence, by substituting all the corresponding values, the solid angle (w},) subtended by each regular hexagonal
face (EFGHIJ) at the centre of the great rhombicosidodecahedron is given as follows

2( R,% — az)sin%

\/4( R, — az)z +aZcot2 T

wp, =2m—2 X 6sin7!

6
2 Roz—azx% R, — a2
=27 —12sin7? =27 —12sin7! | ————
VAR,? — a?

4R,? — 4a? + a2(v3)

21 — 12 sin~? R,” — a* 2m— 12sin-1| |51 v
= Wy = - —_— | = - Sin —_—
T AT AN 4R 7 g2 T 4xz —1 )

Similarly, Normal distance (Hp) of regular decagonal face KLMNPQRSTU from the centre O of the great
rhombicosidodecahedron is calculated as follows

In right AK OO (figure 2)

= 00; =/(0E)? — (05K)?

a a
03K = circumscribed radius of regular decagon = EcoseclS" =3 (1 + \/E)

2 9 2 _ 2
> Hy = J(zeo)z—(g(lwg)) = J(zeo)z_% (6+2V5) = JZR" SRALILNG

Hence, by substituting all the corresponding values, the solid angle (wp) subtended by each regular decagonal
face (KLMNPQRSTU) at the centre of great rhombicosidodecahedron is given as follows

2

\/ZROZ - (3++5)a?
2

R
singg

wp =2m—2 X 10sin™?!

2

T
2,0t2 20
4 + a<cot 10

\/ZROZ - (3++5)a?
2
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/ J4R02 —2(3++/5)a? (*@4— 1)

=21 — 20sin 1|

\J4R02 —2(3++5)a? + a2 ( 5+ 2\/3)

2

\.
)

J4 #) R,*—2(3++/5) (#) a?

J4R02 —2(3++5)a? + (5 + 2v5)a?

/J<3 _Z‘EZ) R,* — a2\|
\ 4R, — a? /
(Em—

= 2m — 20sin™?!
wp =27 sin |\ pry— / \ a2 —1 /

Since a great rhombicosidodecahedron is a closed surface & we know that the total solid angle, subtended by
any closed surface at any point lying inside it, is 47 sr (Ste-radian) hence the sum of solid angles subtended
by 30 congruent square faces, 20 congruent regular hexagonal faces & 12 congruent regular decagonal faces
at the centre of the great rhombicosidodecahedron must be 47 sr. Thus we have

_— \l
'\ )

30[w,] + 20[wy] + 12[wp] = 47

Now, by substituting the values of wg, W, & wp from eq(ll), (IV) & (V1) in the above expression we get

o [2x2—1 - x? =1
302w — 8sin 4-_9(2——1 + 202w — 12 sin m

+12

[
240 [sint | |21 4 in
= — - -
|Sln 4xZ _1 Sin IxZ 1
2x%2 -1
. _1 . _1
= Sin m + sin
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2 2

= gin-t 2x%2 -1 1 x? -1 N x?—1 1 2x2 -1
sl 4x% — 1 4x? — 1 4x? — 1 4x? — 1

. [2x* -1 3x? N x2—-1 2x? _—
= =
sl 4x? —1|4x2 -1 (4x? —1|axz—-1) "

1_

L (x/3@x2-1)  x2(2-1)\ - (5++5)
= sin ( Ax? — 1 + Ax? — 1 = sin = sin X —2(4x2 -
- x/3(2x2 —1)+x\/2(x2 -1) | (5+v5)

4x2 — 1 axz—1  J2@x? -1

= V2/32x2 - 1) +V2/2(x2 - 1) = J(s +v5)(4x2 - 1)

= (\/6(2x2 1) +2/(x% - 1))2 = (J(s +/5)(4x2 — 1))2

= 6(2x% — 1) + 4(x% — 1) + 4/6(x2 — 1)(2x2 — 1) = (5 + V5)(4x? — 1)

= 4(5+V5)x? — (5+V5) — 16x? + 10 = 4/6(x2 — 1)(2x% — 1)

> (4(1+V8)x? + (5 - «/3))2 = (4/6GT =D (@x? - 1))2
= 32(3 +V5)x* +32V5x2 + 10(3 — V5) = 96(x? — 1)(2x? — 1) = 192x* — 288x2 + 96
= (96 —32V5)x* — (288 + 32V5) x2 + (66 + 10V5) = 0

= 32(3-V5)x*—32(9+V5) x2+2(33+5V5) =0

Now, solving the above biquadratic equation for the values of x > 1 as follows
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~(-32(9+V9)) J(—32(9 +V5)) - 4(32(3 - V5)) (2(33 + 5v5))
2x32(3-+5)

= x? =

32(9++5) + \/1024(86 +18v5) — 256(3 — v5)(33 + 5V5)
- 64(3 —V5)

B 32(9+V5) + 16J4(86 +18V5) — (74 — 18V5) _ 2(9+5) £+/270 +90V5
- 64(3 —/5) - 4(3 - 5)

_(2(9+\/§)i\/270+90\/§) (3+V5) 2(9+V5)(3+V5)+ (3++5) 9(5 +5)°

4(3-+5) (3++5) 44
_2(9+V5)(3+V5)+ 3(3+V5)(5+V5) 8(8+3V5) + 12(5 + 2V5)
B 16 B 16

_2(8+3V5) + 3(5+2V5) (16 +6V5) + (15+ 6V5)
B 4 Bl 16

1. Taking positive sign, we have

16 + 6v5) + (154 6v5) 31+ 12V5 /31+12\/§ 1
x2=( )4( )= 2 orx= |————=3 31+ 12V5

Since, x > 1 hence, the above value is acceptable.

2. Taking negative sign, we have

_(16+6vV5)—(15+6v5) 1 1
= 4 —3° 4

1
x? =5 = x <1 butx > 1 (required condition)

Hence, the above value is discarded, now we have

1 R 1 a
x=- /31+12«/§ =>7O=x=z /31+12«/§ or Roy=> /31+12\/§

Hence, outer (circumscribed) radius (R,) of a great rhombicosidodecahedron with edge length a is given as

a
Ro=5 f31 + 125 ~ 3.8023945a e e oo s (VD)

Normal distance (H,) of square faces from the centre of great rhombicosidodecahedron: The
normal distance (H,) of each of 30 congruent square faces from the centre O of a great
rhombicosidodecahedron is given from eq(l) as follows

a 2
2R — o 2(7 31+12\/5) - a2 31+ 12v5 — 2 —
H, =00, = 5 = > =a 4 2 29+ 12V5

(3 +2\/§)2 _ (3 +§\/§)a

Q

_a
T2

Applications of “HCR’s Theory of Polygon” proposed by Mr H.C. Rajpoot (year-2014)
©All rights reserved



Mathematical Analysis of Great Rhombicosidodecahedron/The Largest Archimedean Solid

H - (3+2V5)a

5 > ~ 3.736067978a

It’s clear that all 30 congruent square faces are at an equal normal distance H from the centre of any great
rhombicosidodecahedron.

Solid angle (w;) subtended by each of the square faces at the centre of great
rhombicosidodecahedron: solid angle (w,) subtended by each square face is given from eq(ll) as follows

o [2x?—a? _ 2R,% — a2 _ R,
ws = 2w — 8sin~ ———— | =27 —8sin™! —— (smce, X = —)
4x2 — g2 4R,* — a2 a

Hence, by substituting the corresponding value of R, in the above expression, we get

2

/ 2(% 31+12\/§) —az\ 31+ 12V5 — 2
ws = 2m — 8sin™? > = 2m — 8sin™?

\ 1 / 2(31+12v5 - 1)

2

31+12V5) —a?
R 29 + 125 2 g (29 +12v5)(5 — 2V5)
- emm oS 12(5+2v5) | Toesm 12(5 + 2v5)(5 - 2V5)

1

= 2m — 8sin~

(1 [25+2V5 . _(5-2V5
. w, = 2T — 8sin s l—F = 4 sin 30 ~ 0.070385504 sr

Normal distance (H,) of regular hexagonal faces from the centre of great
rhombicosidodecahedron: The normal distance (H},) of each of 20 congruent regular hexagonal faces from
the centre O of a great rhombicosidodecahedron is given from eq(lll) as follows

H, =00, = /Roz_az:\/g /31+12\/§) —a2=a\/w=z /27+12\/§
’ 2 V3(2++5
=% 3(2+‘/§) =¥

\/§(Z+\/§)a
R

Q

~ 3.668542481a

It’s clear that all 20 congruent regular hexagonal faces are at an equal normal distance H;, from the centre of
any great rhombicosidodecahedron.

Solid angle (w;) subtended by each of the regular hexagonal faces at the centre of great
rhombicosidodecahedron: solid angle (w},) subtended by each regular hexagonal face is given from eq(IV)

as follows

2 _ g2 ROZ —q?
——— | =2r—12sin}| [ ———
4x2% — a? i st 4R,* — a?

R,

1 (since, x= —)
a

wp = 2w — 12sin”
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Hence, by substituting the corresponding value of R, in the above expression, we get

1

wy = 2m — 12sin™

2

(3V31+12V5) —a? o 31+ 12V5 — 4
5 =2m —12sin7?

4(5/31+12/5) - a2 4(31+12V5-1)

9 — 12 sig-1 9+ 45 — n — 12 sig-1 (9 +4V2)(5 - 2v5)

ST A fsGravs) )T\ [8(5 + 2v8) (5 - 2v8)

5+ 2v5
10

5425
40

(1 [5+2V5
Wy = 2w —12sin” 2 10 ~ 0.184524626 sr

Normal distance (H),) of regular decagonal faces from the centre of great
rhombicosidodecahedron: The normal distance (Hj) of each of 12 congruent regular decagonal faces from
the centre O of a great rhombicosidodecahedron is given from eq(V) as follows

1
=27 —12sin7? =27 —12sin7? >

g - =;\/31+12\/§—2(3+\/§)

a
=5 /25 +10vV5
a
- Hp =5 /25 +10V5 ~ 3.440954801a

It’s clear that all 12 congruent regular decagonal faces are at an equal normal distance H, from the centre

oo _\/ZROZ—(3+\/§)a2_JZ(%‘/31+12‘/§)2‘(3+\/§)“12

of any great rhombicosidodecahedron.

Solid angle (w,) subtended by each of the regular decagonal faces at the centre of great
rhombicosidodecahedron: solid angle (wp) subtended by each regular decagonal face is given from eq(VI)

as follows

/ (3_V5)x2_1\ / <3_— ‘/S)R Z_az\
2 2 o R
- -1 | — 9 _ o1 ; _to
wp = 21 — 20 sin k =1 ) 21 — 20 sin k R ) (smce, x a)

Hence, by substituting the corresponding value of R, in the above expression, we get

/ (3 _2‘/§> (531 + 12\/3)2 ~ az\
wp = 2w —20 sin? | 5 I
\ 4(5/31+12¢5) - a2 )

9 — 20 sin-1 (3-+5)(31+12v5) -8
- o 8(31+12vV5-1)
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2 — 20 sig-1 25+5V5 o — 20 sin-1 (25 + 5v5)(5 — 2v5)
= 2m — 20 sin —— | = 2 — 20sin
48(5 + 2v/5) 48(5 + 2v5)(5 — 2v5)

o 0simt| 1737255 o ot 1Y e posinet | 3O 10V5
= 4T — Sin T(S) = 4T — sin T = 4T — sin T

2
5-4/5
=27 — 20sin™?! % =27 —20 sin_l(

5—\/5)
4/6

5-V5
. wp = 2m—20sin"! e )~ 0.563692745 sr

It’s clear from the above results that the solid angle subtended by each of 12 regular decagonal faces is greater
than the solid angle subtended by each of 30 square faces & each of 20 regular hexagonal faces at the centre
of any great rhombicosidodecahedron.

It's also clear from the above results that H; > Hy, > Hj, i.e. the normal distance (H,) of square faces is
greater than the normal distance H),, of the regular hexagonal faces & the normal distance H;, of the regular
decagonal faces from the centre of a great rhombicosidodecahedron i.e. regular decagonal faces are closer to
the centre as compared to the square & regular hexagonal faces in any great rhombicosidodecahedron.

Important parameters of a great rhombicosidodecahedron:

1. Inner (inscribed) radius (R;): It is the radius of the largest sphere inscribed (trapped inside) by a
great rhombicosidodecahedron. The largest inscribed sphere always touches all 12 congruent regular
decagonal faces but does not touch any of 30 congruent square & any of 20 congruent regular
hexagonal faces at all since all 12 decagonal faces are closest to the centre in all the faces. Thus, the
inner radius is always equal to the normal distance (Hp) of regular decagonal faces from the centre of
a great rhombicosidodecahedron & is given as follows

a
R, =H, = 2 ’25 +10V5 ~ 3.440954801a

Hence, the volume of inscribed sphere is given as

3

4 3 4 a 3
Vinscribed = §n(Ri) =3m(5y25+ 10V5)| ~ 170.6575526a

2. Outer (circumscribed) radius (R,): It is the radius of the smallest sphere circumscribing a great
rhombicosidodecahedron or it’s the radius of a spherical surface passing through all 120 vertices of a
great rhombicosidodecahedron. It is from the eq(VIl) as follows

a
R, =3 f31 +12V5 ~ 3.8023945a

Hence, the volume of circumscribed sphere is given as

3

4 3 4 a 3
Vcircumseribed = §TL’(R0) = §1r 7 31+ 12V5| =230.2820721a
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3. Surface area (As): We know that a great rhombicosidodecahedron has 30 congruent square faces,
20 congruent regular hexagonal faces & 12 congruent regular decagonal faces each of edge length a.
Hence, its surface area is given as follows

Ag = 30(area of square) + 20(area of regular hexagon) + 12(area of regular decagon)

We know that area of any regular n-polygon with each side of length a is given as

A—1 z t7r
—4nac0

Hence, by substituting all the corresponding values in the above expression, we get

A —30><<1><42 tn>+20x<1x62 tn>+12><(1><102 tn)
s = 2 aco4 2 aco6 2 a6010

= 30a? + 30V3a? + 30a? /5+2\/§=30<1+\/§+ /5+2\/§)a2
A; =30 (1 +3 + /5 + 2\/§> a? ~ 174.2920303a?

4. Volume (V): We know that a great rhombicosidodecahedron with edge length a has 30 congruent
square faces, 20 congruent regular hexagonal faces & 12 congruent regular decagonal faces. Hence,
the volume (V) of the great rhombicosidodecahedron is the sum of volumes of all its elementary right
pyramids with square base, regular hexagonal base & regular decagonal base (face) (see figure 2
above) & is given as follows

V = 30(volume of right pyramid with square base)
+ 20(volume of right pyramid with regular hexagonal base)
+ 12(volume of right pyramid with regular decagonal base)

1 1
=30 (§ (area of square) X Hs) + 20 (§ (area of regular hexagon) X Hh)

1
+12 (§ (area of regular decagon) X HD)

1/1 ™ (3+2V5)a 1/1 ™ V3(2++V5)a
— . 2 _ I 2 — 7
—30(3(4x4a cot4)x > >+20<3(4x6acot6>x > )

1/1 T a
P 2 _ _
+12<3<4x10a cotm)x2 /25+10\/§>

=5(3 +2V5)a® + 15(2 +V5)a® + 5a3J(5 + 2\/5)\/(25 +10V5)

= 5(9 + 5V5)a® + 50 (10 + 5v5)” = 5(9 + 5v8)a? + 5(10 + 5v8)a? = (95 + 50V5)a®
V = (95 +50V5)a’® ~ 206.8033989a>

5. Mean radius (R,;,): It is the radius of the sphere having a volume equal to that of a great
rhombicosidodecahedron. It is calculated as follows

volume of sphere with mean radius R,, = volume of the great rhombicosidodecahedron
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1
3(95 + 50v5)a’ <15(19 + 10\/§)>§
or R, =a|———

4
—1(R,,)® =(95+50V5)a® = (R, )=
37r(m) (95 + 50V5)a (Ry) py py

1
3
) ~ 3.668509834a

- 15(19 + 10V5)
w =" an

It's clear from above results that R; < R, < R,

6. Dihedral angles between the adjacent faces: In order to calculate dihedral angles between the
different adjacent faces with a common edge in a great rhombicosidodecahedron, let’s consider one-
by-one all three pairs of adjacent faces with a common edge as follows

a. Angle between square face & regular hexagonal face: Draw the
perpendiculars 00, & 00, from the centre O of great
rhombicosidodecahedron to the square face & the regular hexagonal face
which have a common edge (See figure 3). We know that the inscribed radius
(r;) of any regular n-gon with each side a is given as follows

a 74
r; = inscribed radius of any regular n — gon = Ecot;
) . ) a mw a
~ 04T = inscribed radius of square = ECOtZ =3 &
Figure 3: Square face with centre 0; &
V3 regular hexagonal face with centre 0,
a T a ; ;
~ 0,T = inscribed radius of regular hexagon = —cot — = —— with a common edge (denoted by point
2 6 2 T) normal to the plane of paper

Inright AOO,T

<(3 + 2\/§)a)
00, _H A\ 2 J]_ (3 +2v5)

G

tan95=m=@—

2
6, = tan"1(3 + 2V5) ~ 82.37736814° RN (/4 /1)
In right AOO,T
(\/§(2 + \/g)a)
00: __Hn__ : = (2+5)

tan9h=ﬁ=<a—\/§> <a_\/§>
2 2

. @, =tan"1(2 +V5) ~ 76.71747441° SR 0 ):¢)

o B L (3+2\/§)+(2+\/§)>
= 05 O = tan!(3 +2V5)  tan (2 4 V5) = tan (1—(3+2x/§)(2+x/§)

. _1< 5+3V5 )_t _1<—(5+3\/§)>_ . _1<5+3x/§>
\icaerve)) T Viservs )T \se s
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o _1<(5+3\/§)(7\/§—15)>_ . _1<30—1o\/§>_ . _1<3_\/§>
T\t (E-1s)) " 20 )"0

Hence, dihedral angle between the square face & the regular hexagonal face is given as

3-+/5
~ 159.0948426°

05+0h=1t—tan_1(

b. Angle between square face & regular decagonal face: Draw the perpendiculars 00, & 005 from the

centre O of great rhombicosidodecahedron to the square face & the regular decagonal face which
have a common edge (See figure 4).

coOmmon ed;e

sq‘uare
a T 4]
03U = inscribed radius of regular decagon = ECOtE
_aV5+2V5 :
= > ;
\ \ : ’
In right AOO;U L ¥ /
\\\ \\ : I, HD "
a ‘\ ,' Il’
00 H, (525 +10V5) J5(5 1 2v5) 8 T S iy
anlp = —— = = = = X Ad ) W
03U (a\/S + 2\/§> (a\/s + 2\/§> 5+ 2v5 Xl g
2 2 N o
\\\\: II'/
. 8p = tan"1(V5) ~ 65.90515745° et e e o (X) 70

Figure 4: Square face with centre 0, & regular
decagonal face with centre O3 with a common
edge (denoted by point U) normal to the plane

— -1 -1 _ -1 (3 + 2\/§) + (\/g) ) of paper
= 6, + 0, = tan (3+2\/§)+tan (\/E) = tan <1_(3+2\/§)(\/§)

B tan_1< (3 +3v5) ) _ tan-! (—3(1 + \/§)> et (1 + x/i)
- 1-(10+3V5)) 9+3v5 ) 3+5

=m—tan"! (g : \/\/gg : ﬁ%) =m—tan! <@) =m—tan"! <‘/§2_ 1)

Hence, dihedral angle between the square face & the regular decagonal face is given as

V5-1

0,+ 60, =m—tan! ( ) ~ 148.2825256°

c. Angle between regular hexagonal face & regular decagonal face: Draw the perpendiculars
00, & 005 from the centre O of great rhombicosidodecahedron to the regular hexagonal face & the
regular decagonal face which have a common edge (See figure 5). Now from eq(IX) & (X), we get

6, + 6, = tan"1(2 +V5) + tan"1(V5) = tan! <1(2_"£2‘/E)\/;)((\/_\/5§))> " (fé—%)
=tan~? (M) = — tan-1 <1 + \/5)

4+ 25 2++/5
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common Q‘ge

Hexa’on

e (CEOED) (38 sy

Hence, dihedral angle between the regular hexagonal face & the regular
decagonal face is given as \ " Hh

0, + 6, =m—tan"'(3 —V5) ~ 142.6226319° B

Figure 5: Regular hexagonal face with centre 0,
& regular decagonal face with centre O3 with a
common edge (denoted by point V) normal to the

Construction of a solid great rhombicosidodecahedron: In order to plane of paper
construct a solid great rhombicosidodecahedron with edge length a there are two methods

1. Construction from elementary right pyramids: In this method, first we construct all elementary right

pyramids as follows

Construct 30 congruent right pyramids with square base of side length a & normal height (H)

o= (3 +2\/§)a

s 3 ~ 3.736067978a

Construct 20 congruent right pyramids with regular hexagonal base of side length a & normal height (H},)

o = \/§(2 +\/§)a

h > ~ 3.668542481a

Construct 12 congruent right pyramids with regular decagonal base of side length a & normal height (Hp)

a
Hp =5 /25 +10V5 ~ 3.440954801a

Now, paste/bond by joining all these elementary right pyramids by overlapping their lateral surfaces & keeping
their apex points coincident with each other such that 4 edges of each square base (face) coincide with the
edges of 2 regular hexagonal bases & 2 regular decagonal bases (faces). Thus a solid great
rhombicosidodecahedron, with 30 congruent square faces, 20 congruent regular hexagonal faces & 12
congruent regular decagonal faces each of edge length a, is obtained.

2. Facing a solid sphere: It is a method of facing, first we select a blank as a solid sphere of certain material
(i.e. metal, alloy, composite material etc.) & with suitable diameter in order to obtain the maximum desired
edge length of a great rhombicosidodecahedron. Then, we perform the facing operations on the solid sphere
to generate 30 congruent square faces, 20 congruent regular hexagonal faces & 12 congruent regular
decagonal faces each of equal edge length.

Let there be a blank as a solid sphere with a diameter D. Then the edge length a, of a great
rhombicosidodecahedron of the maximum volume to be produced, can be co-related with the diameter D by
relation of outer radius (R,) with edge length (a) of the great rhombicosidodecahedron as follows

a
Ro=> /31+12\/§
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Now, substituting R, = D/Z in the above expression, we have

D a D
>3 /31+12x/§ or a=——o-—

31 +12v5
D

a=——— ~0.131496087D
31+ 12V5

Above relation is very useful for determining the edge length a of a great rhombicosidodecahedron to be
produced from a solid sphere with known diameter D for manufacturing purpose.

Hence, the maximum volume of great rhombicosidodecahedron produced from a solid sphere is given as
follows

D )3 _ (95+50v5)p?
31+12vV5/  (31+12V5)V31+ 12V5

_ (95+50v5)(31 —12v5)D®  (—55+410V5)D®  5(82V5 — 11)D?
241y31 4 12V5 24131+ 125 24131+ 12V5

Vinax = (95 + 50V5)a® = (95 + 50v5) <

_ 5(82v5-11)D?

= ~ 0.470214661D3
24131 + 12V5

max

Minimum volume of material removed is given as

(Vremoved)min = (volume of parent sphere with diameter D)
— (volume of great rhombicosidodecahedron)

T 5(82v5—11)D3 <E_ 5(82v5 —11) >D3
6 241431 + 12V5

6 24131+ 12V5

m  5(82V5-11
mrmmaimin = <_ - ( ) >D3 ~ 0.053384114D3

6 241/31+12v5

Percentage (%) of minimum volume of material removed

minimum volume removed

% of V - x 100
% 0f Vremovea total volume of sphere

(E_M>D3

6 30(82v5 — 11
_\° amfmieis) g, (1 _ 30 ) ) x 100 ~ 10.19%
ZD3 24171v/31 + 1245

It’s obvious that when a great rhombicosidodecahedron of the maximum volume is produced from a solid
sphere then about 10. 19% volume of material is removed as scraps. Thus, we can select optimum diameter
of blank as a solid sphere to produce a solid great rhombicosidodecahedron of the maximum volume (or with
the maximum desired edge length)

Conclusions: Let there be any great rhombicosidodecahedron having 30 congruent square faces, 20
congruent regular hexagonal faces & 12 congruent regular decagonal faces each with edge length a then
all its important parameters are calculated/determined as tabulated below
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Congruent No. of | Normal distance of each face from the centre | Solid angle subtended by each face at the centre of
polygonal faces | faces of the great rhombicosidodecahedron the great rhombicosidodecahedron
Square 30 (3+2V5)a , 5-2V5
— = 3.736067978a 4sin™! 30 ~ 0.070385504 sr
Regular
1 [5+2V5
hexagon 20 V3(2 ++/5)a _ -1 = ~
( ! ) 36685424810 2m —12sin”! | 5 |=— 0.184524626 sr
Regular 12 a 5-+5
decagon 5 25 4 105 ~ 3.440954801a 2w — 20sin™?! e ~ 0.563692745 sr

Inner (inscribed) radius (R;)

a
Ri=>5 /25 +10V5 ~ 3.440954801a

Outer (circumscribed) radius (R,)

a
Ro =75 /31 + 12V5 ~ 3.8023945a

Mean radius (R,,,)

R = 15(19 + 10V5)
e ™

1
3
) ~ 3.668509834a

Surface area (4;)

A =30 <1 +V3 + /5 + 2\/§) a® ~ 174.2920303a?

Volume (V)

V = (95 + 50v5)a® ~ 206.8033989a>

Table for the dihedral angles between the adjacent faces of a great rhombicosidodecahedron

Pair of the adjacent faces
with a common edge

Square & regular hexagon

Square & regular decagon

Regular hexagon & regular
decagon

Dihedral angle of the
corresponding pair (of the
adjacent faces)

0, + 6, = rt—tan‘1<
~ 159.0948426°

3-+5
=)

0, + 6, =n—tan‘1<
~ 148.2825256°

6, + 6p = —tan" (3 — V5)
~ 142.6226319°

V5 -1
-

Note: Above articles had been developed & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
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