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Here we are interested in finding out the solid angle subtended by any 

tetrahedron at its vertex given the angles between the consecutive lateral edges 

meeting at that vertex. In general, the solid angle subtended by any tetrahedron 

at its vertex is the function of angles between lateral edges meeting at that vertex.  

Consider a tetrahedron OPQR such that         are the angle between the 

consecutive lateral edges OP & OQ, OQ & OR, and OP & OR respectively meeting 

at the vertex O (as shown in the figure 1).  

Now, draw a spherical surface of radius   with centre at the vertex O of 

tetrahedron OPQR such that it intersects lateral edges OP, OQ, OR at the points A, 

B & C respectively (As shown in the figure 2 below). Join the points of intersection 

A, B & C by dotted straight lines & by great circle arcs to obtain a plane      & a 

spherical     . Now, we have  (see figure 2 below) 
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Now, applying cosine formula in plane     ,  
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The plane angle    between the chords of any two great circle arcs meeting each other at an angle   on a 

spherical surface are co-related by HCR’s cosine formula as follows  
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Figure 1: 𝜶 𝜷   𝜸 are the angles between 
lateral edges OP, OQ & OR meeting at vertex 
O of   tetrahedron OPQR 

Figure 2: Plane  𝑨𝑩𝑪 & spherical  𝑨𝑩𝑪  
obtained by the intersection of spherical 
surface & lateral edges of tetrahedron OPQR, 
subtend equal solid angle at centre O of sphere 
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Where,        are the angles subtended by two great circle arcs at the centre of spherical surface. 

Now,  
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Setting the corresponding values in the above cosine formula, we get the angle    between the great circle 

arcs BC & AC as follows 
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Similarly, the angle    between the great circle arcs AC & AB can be found out as follows 
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Similarly, the angle    between the great circle arcs AB & BC can be found out as follows 

      
  (

             

        
) 

Thus,             are the angles between great circle arcs AC & BC, AC & AB, and AB & BC respectively (see 

figure 2 above) which are also the interior angles of spherical triangle    .    

Now, the solid angle subtended by the tetrahedron OPQR at its apex O  
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Hence, the solid angle subtended by any tetrahedron at its vertex is given by the general formula 
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Where,         are the angles between consecutive lateral edges meeting at the concerned vertex of 

tetrahedron    (                             )     

It is worth noticing that the above formula is valid in all the cases. It gives the maximum value of solid angle as 

      when the vertex of tetrahedron lies on the plane of base which is true because the solid angle subtended 

by any plane at each point on it within its boundary is always      .    

Solid angle subtended by any triangle at the origin in 3D co-ordinate system given the position 

vectors of the vertices: Let’s consider any triangle ABC in 3D space such that 

 ⃗   ⃗⃗    ⃗ are the position vectors of the vertices A, B & C respectively (as shown in 

the figure 3).  

Now, let                           then we use vector product 

& scalar product of two vectors, the vector product  ⃗    ⃗⃗ is given as 

 ⃗   ⃗⃗  | ⃗|| ⃗⃗|     ̂  ⇒        
| ⃗   ⃗⃗|

| ⃗|| ⃗⃗|
 

The scalar product  ⃗    ⃗⃗ is given as 

 

 ⃗   ⃗⃗  | ⃗|| ⃗⃗|     ⇒        
 ⃗   ⃗⃗

| ⃗|| ⃗⃗|
  

Similarly, it can be found out that 
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Now, the solid angle subtended by      at the origin O is equal to the solid angle subtended by the 

tetrahedron OABC at the apex O such that          are the angles between consecutive lateral edges AO, BO 

& CO at the vertex O. The solid angle subtended by the tetrahedron is given by the general formula  
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Substituting the values of                                in the above formula, one should get 
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Figure 3: �⃗⃗⃗�  �⃗⃗⃗�   �⃗⃗� are the position vectors of 

vertices A, B & C of  𝑨𝑩𝑪 in 3D space 
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Above is the general formula to compute the solid angle subtended by any triangle at the origin given the 

position vectors of its vertices as  ⃗   ⃗⃗    ⃗. 

                      

Example 1: Compute the solid angle subtended by a tetrahedron at its vertex such that the angles between 

the consecutive edges meeting at the same vertex are              . 

Sol.  In this case,                             (                ) 

The solid angle   subtended by a tetrahedron at its vertex is given by general formula 
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Substituting the corresponding values,                            in the above formula, one should get  
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Example 2: Compute the solid angle subtended by a tetrahedron at its vertex such that the angles between 

the consecutive edges meeting at the same vertex are              . 

Sol.  In this case,                             (                ) 

The solid angle   subtended by a tetrahedron at its vertex is given by general formula 
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Substituting the corresponding values,                            in the above formula, we get  
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It is obvious that the solid angle subtended by an octant at the origin is 
  

 
  

 

 
    which is equal to the above 

value of solid angle subtended by a tetrahedron which is equivalent to an octant. Thus the result is verified.  

Example 3: Compute the solid angle subtended by a tetrahedron at its vertex such that the angles between 

the consecutive edges meeting at the same vertex are                . 

Sol.     In this case,                               (                 ) 

The solid angle   subtended by a tetrahedron at its vertex is given by general formula 
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Substituting the corresponding values,                              in the above formula, we get solid 

angle subtended by a plane at any point on it within its boundary   
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Above result is true for any plane subtending a solid angle of       at each point on it within its boundary. 

Example 4: Compute the solid angle subtended at the origin by a triangle having its vertices at the points 

(     ) (       )   (      ) in 3D coordinate system.  

Sol.     In this case, the position vectors of vertices:  ⃗   ̂    ̂    ̂   ⃗⃗     ̂    ̂   ̂      ⃗     ̂    ̂    ̂ 

| ⃗|  | ̂    ̂    ̂|  √       | ⃗⃗|  |   ̂    ̂   ̂|  √       | ⃗|  |   ̂    ̂    ̂|   √  

 ⃗   ⃗⃗  ( ̂    ̂    ̂)  (   ̂    ̂   ̂)     

 ⃗⃗   ⃗  (   ̂    ̂   ̂)  (   ̂    ̂    ̂)     

 ⃗   ⃗  (   ̂    ̂    ̂)  ( ̂    ̂    ̂)     

| ⃗   ⃗⃗|  |( ̂    ̂    ̂)  (   ̂    ̂   ̂)|  |   ̂    ̂   ̂|   √   

| ⃗⃗   ⃗|  |(   ̂    ̂   ̂)  (   ̂    ̂    ̂)|  |    ̂    ̂     ̂|  √    

| ⃗   ⃗|  |(   ̂    ̂    ̂)  ( ̂    ̂    ̂)|  |  ̂     ̂     ̂|    √  

The solid angle   subtended by a triangle at the origin given the position vectors of its vertices is given as  
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Now, setting all the corresponding values in above formula, the solid angle subtended by triangle at the origin  
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Example 5: Prove that the solid angle subtended at the origin by any triangle having its vertices at the points 

(     ) (     )   (     ) on the coordinate axes in 3D space is always    ⁄    .  (           ) 

Sol.   Let the triangle ABC have its vertices at the points 

 (     )  (     )    (     ) lying on the coordinate axes x, y & z axes 

respectively. (as shown in the figure 4) 

In this case, the position vectors of vertices of     :  ⃗    ̂   ⃗⃗    ̂      ⃗    ̂ 

The solid angle   subtended by a triangle at the origin given the position vectors of 

its vertices is given as  

       (
( ⃗   ⃗⃗)| ⃗|  ( ⃗⃗   ⃗)( ⃗   ⃗)

| ⃗⃗   ⃗|| ⃗   ⃗|
)       (

( ⃗⃗   ⃗)| ⃗|  ( ⃗   ⃗)( ⃗   ⃗⃗)

| ⃗   ⃗|| ⃗   ⃗⃗|
)       (

( ⃗   ⃗)| ⃗⃗|
 
 ( ⃗   ⃗⃗)( ⃗⃗   ⃗)

| ⃗   ⃗⃗|| ⃗⃗   ⃗|
) 

Now, setting the values of all the vectors in above formula, the solid angle subtended 

by triangle at the origin  

 

       (
(  ̂    ̂)|  ̂|

 
 (  ̂    ̂)(  ̂    ̂)

|  ̂    ̂||  ̂    ̂|
)       (

(  ̂    ̂)|  ̂|  (  ̂    ̂)(  ̂    ̂)

|  ̂    ̂||  ̂    ̂|
)       (

(  ̂    ̂)|  ̂|  (  ̂    ̂)(  ̂    ̂)

|  ̂    ̂||  ̂    ̂|
) 

      (
    ( ̂   ̂)      ( ̂   ̂)( ̂   ̂)

    | ̂   ̂|| ̂   ̂|
)       (

    ( ̂   ̂)      ( ̂   ̂)( ̂   ̂)

    | ̂   ̂|| ̂   ̂|
)       (

    ( ̂   ̂)      ( ̂   ̂)( ̂   ̂)

    | ̂   ̂|| ̂   ̂|
) 

      (
( ̂   ̂)  ( ̂   ̂)( ̂   ̂)

| ̂   ̂|| ̂   ̂|
)       (

( ̂   ̂)  ( ̂   ̂)( ̂   ̂)

| ̂   ̂|| ̂   ̂|
)       (

( ̂   ̂)  ( ̂   ̂)( ̂   ̂)

| ̂   ̂|| ̂   ̂|
) 

      ( )       ( )       ( )  
 

 
     

 

 
    

It is obvious that the solid angle subtended at the origin by any triangle having its vertices on three 

coordinate axes is always   ⁄     . It also shows that the solid angle subtended by an octant at the origin is 
  

 
  

 

 
    which is equal to the above value of solid angle subtended at the origin by a triangle with vertices 

on the coordinate axes which is equivalent to an octant. Thus the result is proved & verified.  

  

Conclusion: It can be concluded that above general formula gives the correct values of the solid angle 

subtended by any tetrahedron at its vertex when the angles between consecutive lateral edges meeting at 

that vertex are known because there is no approximation in the formula. This is an analytic & precision 

formula to compute the correct value of solid angle subtended by a triangle at the origin which is equally 

applicable in all the cases given the position vectors of all three vertices in 3D coordinate system.  

Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering) 
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Figure 4: 𝑨(𝒙 𝟎 𝟎) 𝑩(𝟎 𝒚 𝟎)   𝑪(𝟎 𝟎 𝒛) 
are the vertices of  𝑨𝑩𝑪 lying on the 
coordinate axes x, y, & z respectively. 
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