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Abstract

A regular pentagonal right antiprism is a convex polyhedron which has 10 identical vertices all lying on a sphere,
20 edges, and 12 faces out of which 2 are congruent regular pentagons, and 10 are congruent equilateral triangles
such that all the faces have equal side. This paper presents, in details, the mathematical derivations of the analytic
formula to determine the different parameters in term of side, such as normal distances of faces, normal height,
radius of circumscribed sphere, surface area, volume, dihedral angles between adjacent faces, and solid angle
subtended by each face at the centre, using the known results of a regular icosahedron. All the analytic formulae
have been derived using simple trigonometry, and 2-D geometry which are difficult to derive using any other
methods. A paper model of regular pentagonal right antiprism with edge length of 4 cm has been made by folding
the net of faces made from a A4 white sheet paper.
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1. Introduction

A regular icosahedron has 20 congruent equilateral triangular faces, 12 identical vertices, and 30 edges [1]. When
two vertically opposite and identical right pyramids each with a regular pentagonal base are cut removed from a
regular icosahedron then the remaining part is a regular pentagonal right antiprism which has the same edge length
as that of the original or parent icosahedron (as shown in the Figure-1 below).
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Figure-1: Two vertically opposite right pyramids with regular pentagonal
base (parts 1 & 2 labelled with pink color) have been cut removed from a
regular icosahedron to obtain a regular pentagonal antiprism (part-3 labelled
with gray color).

After transformation of a regular icosahedron into a regular pentagonal antiprism, 10 regular triangular faces
remain unchanged, and two new regular pentagonal faces are generated while 10 edges & 2 opposite vertices are
eliminated by cut removing 10 regular triangular faces from an icosahedron. Thus, after aforementioned truncation
of regular icosahedron, the resultant solid i.e. regular pentagonal right antiprism has the following parameters
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Number of faces,F =10+ 2 = 12
Number of vertices,V=12 -2 =10
Number of edges,E = 30 — 10 = 20

The above geometric parameters of a regular antiprism duly satisfy the Euler’s formula for convex polyhedron:
F+V=E+2][2]

Now, let’s consider a regular icosahedron of edge length a (as shown in the Figure-2 below). All the important
parameters of a regular icosahedron are given by HCR's or H. Rajpoot's Formula for Regular Polyhedron [3,4] as
follows
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Radius of circumscribed sphere, R, = 2 - Distance of each vertex from the centre
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Figure-2: The edge length of regular pentagonal antiprism (middle part on right) is a i.e. the same as
that of the original icosahedron after truncation. The vertices P and Q are the end points of a body
diagonal passing through the center O of the regular icosahedron (left).

2. Derivations of parameters

Let’s consider a regular pentagonal right antiprism which is obtained by cut removing two identical and vertically
opposite right pyramids from a regular icosahedron of edge length a (as shown in the above Figure-2) such that



H = Normal height i.e. the normal distance between the regular pentagonal faces of the right antiprism

Hp = Normal distance of each regular pentagonal face from the centre of the right antiprism

Hy = Normal distance of each of 10 congruent regular triangular faces from the centre of the right antiprism

R, = Radius of circumscribed sphere i.e. distance of each of 10 identical vertices from the centre of the antiprism
A = Surface area of the antiprism

V = Volume of the antiprism

6, = Dihedral angle between any two adjacent equilateral triangular faces sharing a common edge

6, = Dihedral angle between equilateral triangular and regular pentagonal faces sharing a common edge

wr = Solid angle subtended by each regular triangular face at the centre of the right antiprism
wp = Solid angle subtended by each regular pentagonal face at the centre of the right antiprism

2.1. Normal height of regular pentagonal pyramid cut off from icosahedron

Let h,, be the normal height of regular pentagonal pyramid having vertex P and regular pentagonal base ABCDE
with each side a. Now, the circum-radius of regular pentagon ABCDE with centre F (see the above Figure-2) is

givenas
A=FB=FC=FD =FE =—=cosec— =
FA=FB=FC=FD =FE = oS =

In right APFA (see top left diagram in the above Figure-2), applying Pythagorean theorem as follows

2
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PF = J(AP)2 = (FA)? = |(a)? — g +T\F =a T‘/—=a Tf=h,,

~ 0.525731112a SR ¢ )

The above analytic formula is used to find out the normal height of right pyramid with regular pentagonal base
cut off from a regular icosahedron with edge length a to obtain a regular pentagonal antiprism.

2.2. Normal distance of regular pentagonal face from the centre

The normal distance of each regular pentagonal face from the centre O of antiprism (see the above Figure-2) is
given as

Hp=OF =0P —PF =R, — hp

av10 + 2v5 ,5 -5
= —a |5 (Substituting values of R, & hp)
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The above formula is used to compute the perpendicular distance of each regular pentagonal face from the centre
of the antiprism.
2.3. Normal height of regular pentagonal antiprism

The normal height H of the regular pentagonal antiprism i.e. perpendicular distance between its two regular
pentagonal faces is given as

R (L L L W LR
=200F) =2(Hp) =2\ |—5—|=2 |1
5+5
= H=a|—/— ~0.850650808a SRR )

2.4. Normal distance of equilateral triangular face from the centre

The normal distance say H; of each of 10 equilateral triangular faces from the centre of antiprism remains the
same as that in the original icosahedron after the truncation, which is equal to the radius of inscribed sphere of
original icosahedron and is given as follows

_(3++V5)a

;= ~ 0.755761314a R

2.5. Radius of circumscribed sphere of regular pentagonal antiprism

The radius of circumscribed sphere is the radius of the smallest sphere which circumscribes a regular pentagonal
antiprism i.e. the radius of the smallest spherical surface on which all 10 identical vertices of the regular
pentagonal antiprism lie or it is the distance of each of 10 identical vertices from the centre of the regular
pentagonal antiprism. It is worth noticing that the distance of each vertex from the centre remains unchanged after
truncation. Therefore the radius of circumscribed sphere of antiprism is same that of the original regular
icosahedron with edge length a, which is given as

av10 + 25

R, =——,—— ~ 0.951056516a RO )



2.6. Surface area of regular pentagonal antiprism

The total surface of a regular pentagonal antiprism consists of two identical regular pentagonal faces and 10
identical equilateral triangular faces all with an equal side a. Therefore the total surface area of the regular
pentagonal antiprism with edge length a is the sum of all its 12 faces, which is given as follows

Ag = 2(Area of regular pentagonal face) + 10(Area of regular triangular face)

_2(1 2 tTT)
= 4na co

n/lp=s

1 s
+10 <Z na? cot—)

(Where, n = number of sides in a regular polygon)
n=3

2 ! 5a? tn)+10<1 342 cotm
(Z ac0§ Z aco§)

1 5+ 2V5 1 1 1
Z. 2’ 232\ =_g2 / JE 4 /3
2 45a S +10(4 3a \/§) 2a< 25+ 10V5+5 3)

Therefore, the total surface area of regular pentagonal antiprism having edge length a, is given as follows

1
A, = E(5\/5 + /25 + 10\/§) a? ~ 7.77108182a? Y ()

2.7. Volume of regular pentagonal antiprism

The volume of regular pentagonal antiprism can be obtained by two different methods as mentioned below.

2.7.1. Method-1: The volume of the cut off right pyramid with regular pentagonal base of edge length a and
vertical height h; is given as

1
Vieur = 3 (Area of regular pentagonal base) (Vertical height)

1/1 T

=3 (Z na? cot %) (hp) (Where, n = number of sides in polygon)
1,1 T 5-45 o ,

== (— -5-a? cot—) a (Substituting the corresponding values)
3\4 5 10
11 _ ,[5+2V5 5-+5

=—=|=-'5-a a
314 5 10

_a® |(5+2V5)(5-V5) a® [15+5V5 a® [30+10V5
T 12 2 12 2 12 4

_@ |(5+V5)' @ (5+V5) _(5+5)a’

12 4 12 2 24

Above is the formula to find out the volume of regular pentagonal pyramid cut off from a regular icosahedron of
edge length a to obtain the regular pentagonal antiprism of edge length a.



Now, the desired volume V of regular pentagonal antiprism can be found out by subtracting the sum of volumes
of two identical right pyramids with regular pentagonal base cut off from the original regular icosahedron (as
shown in the above Figure-2) as follows

V = Volume of original icosahedron — 2(Volume of cut off regular pentagonal pyramid)

2.(5+\/§)a3=

1 1
- _c_ 3 3
on 7 (15+ 5V5-5-v5)a s(5+ 2V5)a

=V, — 2V = %(3 +v5)a® -
2.7.2. Method-2: The regular pentagonal antiprism is a convex polyhedron therefore it can be divided into 12
number of elementary right pyramids out of which 10 have regular triangular base and two have regular pentagonal
base. The sum of volumes of all 12 elementary right pyramids is equal to the volume of original antiprism [3].
Now, consider a regular pentagonal antiprism with edge length a. The side of base of all elementary right pyramids
is a and the vertical heights of regular triangular and pentagonal right pyramids are H; and Hp respectively (as
shown in the Figure-3). The volume of regular pentagonal antiprism is given as follows

o o

Figure-3: A regular pentagonal antiprism has 10 identical elementary right
pyramids each with regular triangular base (left) and 2 identical elementary
right pyramids each with regular pentagonal base (right).

V = 10(Volume of regular triangular pyramid) + 2(Volume of regular pentagonal pyramid)

1/1 T 1/1 T ) )
=10 —(— na? cotg) (Hp) |+ 2(= (—na2 cot;) (Hp) (where, n = no. of sides in polygon)
n=3 n=5
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=§<1S+5\/§+ /(5+3\/§)2> zg(1s+5\/§+ 5+ 3V5) =§(20+8\/§) =%3(5+2\/§)

It’s worth noticing that the volume of a regular pentagonal antiprism obtained from both the above methods are
equal.

Therefore, the volume of regular pentagonal antiprism having edge length a, is given as follows

. (5+2vV5)a’

5 ~ 1.578689326a3 TR ¢4

2.8. Dihedral angle between any two adjacent regular triangular faces sharing a common edge

Let’s consider any two adjacent regular triangular faces PQB and PQC sharing a common edge PQ (as shown in
the top view in the Figure-4). Drop the perpendiculars OM and ON from the centre O of the antiprism to the
triangular faces PQB and PQC, respectively which meet the faces at their in-centres M and N, respectively. Now,
the inscribed radius r of each of two adjacent regular triangular faces each with side a is given by generalized
formula of polygon as follows

a( tn) a( tn) a(l) a
r=—|cot— =—|cot=)==|—=)=—=
2 npes 2 3/ 2\W3/ 23
In right AOMA (see the front view in the Figure-4), N C
tan LOAM = oM
an = AM
7] H LMAN @ (a) Top Regular triangular face
= tan— = — ( LOAM = = ﬂ) P - .
2 r 2 2
(3++V5)a
anoTo 43 3% Vs B
2 a2
2V3
3445
HTT = Ztan_1< )
2
(b) Front

Therefore the dihedral angle 6, between any two
adjacent regular triangular faces sharing a common edge

. oL i -4: i i lar f
in a regular pentagonal antiprism is given as Figure-4: (a) Two adjacent regular triangular faces

sharing a common edge PQ (b) The perpendiculars
drawn from the center O to the triangular faces fall at
their in-centers M & N, and their in-circles touch each
other at the mid-point A of common edge PQ.

3++/5

Orr = 2tan‘1< ) ~ 138.1896851° e err e e een e e e (8)

2.9. Dihedral angle between regular triangular and pentagonal faces sharing a common edge

Let’s consider any two adjacent regular triangular and pentagonal faces PQB and PQRST sharing a common edge
PQ (as shown in the top view in the Figure-5 below). Drop the perpendiculars OM and ON from the centre O of



the antiprism to the triangular face PQB and pentagonal face PQRST, respectively which meet the faces at their

in-centres M and N, respectively. The inscribed radius of equilateral triangular face PQB is r = #

=
In right AOMA (see the front view in the Figure-5), R W

tan20am =22 tang, =T :
an =M anf, = -
(3 +\/§)a
3++/5 a
tan@; = 42{? = < r= —)
4 2 23
2V/3

f, =tan?! 3+v5
2

Now, the inscribed radius r of regular pentagonal face
PQRST with side a is given by generalized formula of
polygon as follows

a T a T a IS + 25
r= > (cot;)n:5 = E(COtE) = 3 z (b) Front v

Figure-5: (a) Two adjacent regular triangular and

_a 5+ 2v5 pentagonal faces sharing a common edge PQ (b) The

r= 2 5 perpendiculars drawn from the center O to the faces fall

at their in-centers M & N, and their in-circles touch each
. N . ther at the mid-point A of dge PQ.
In right AONA (see the front view in the Figure-5) other at the mid-point A of common edge PQ
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a [5++5
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4 4 2

0, = tan™! <\/§ _ 1)

Now, the total dihedral angle 6;, between regular triangular and pentagonal faces is the sum of dihedral angles
6, and 6, (see the front view in the above Figure-5) as follows

D 0+ 0n _1<3+\/§)+t _1<\/§—1)_ — >+ \
T
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2
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Therefore the dihedral angle 6,5 between any two adjacent regular triangular and pentagonal faces sharing a
common edge in a regular pentagonal antiprism is given as

6rp = —tan"!(3 + V5) ~ 100.812317° SOOI (°)

It’s worth noticing that the dihedral angle 8’7, between any two adjacent regular triangular and pentagonal faces
sharing a common vertex in a regular pentagonal antiprism is supplementary angle of 8,5 which is given as

0'rp =T — O7p = tan"1(3 + V5) ~ 79.18768304° R € 1)

2.10. The solid angles subtended by faces at the centre of regular pentagonal antiprism

A regular pentagonal antiprism has two types of faces in form of regular polygons i.e. regular triangle and regular
pentagon. The solid angle subtended by any polygonal plane, having n no. of sides each of length a, at any point
lying on the perpendicular axis passing through the centre of polygon at a distance h is given by the generalized
formula from HCR’s Theory of Polygon [5] as follows

. T
1/ Zhsmﬁ \

w = 2w — 2nsin”
\ 4h2 + azcotZ%/

2.10.1. Solid angle subtended by equilateral triangular face at the centre

Now, substituting the corresponding values i.e. h = H; = normal distance of regular triangular face (n = 3 sides)
from the centre O of the antiprism (as shown in the above Figure-3), the solid angle w, subtended by each regular
triangular face at the centre is obtained as follows

2.(3+\/§)al\/§
T 43 2

2Hr sin% 43
wyp = 21 — 2(3) sin™?! = 2m — 6sin”?
2
\/4HT2 +a2cot2% A (3++5)a g (L)Z
43 V3
3++5 3+45 3+45
=27 — 6sin?! = 2w — 6sin”?! = 2w — 6sin?!

14+6V5 1 18 + 6V5 6+ 2v5
W17 *3 47 S )



e |\ Z/J: i)z / Sosm <2(3\/§ ﬁ)) =2m-6sint (2((3x/J§r i?)((\fﬁ__?ﬁ
4

— 2+2V5 - V5+1 (.. 3m 3m\ ®W
= 2m — 65in T‘l) = 2m — 65sin 7 = 2m — 65sin (51nﬁ)=2n—6<—>=—sr

Alternatively, the solid angle subtended by each triangular face at the centre of regular pentagonal antiprism is

equal to the solid angle subtended by each regular triangular face at the centre of original icosahedron which is
given as

Total solid angle 4 W

Number of identical faces in regular icosahedron ~20 5 ST

wr =

Both the above values of solid angle w are equal. Therefore, the solid angle subtended by each regular triangular
face at the centre of regular pentagonal antiprism is given as

vui| ]

Wt =

~ 0.62831853 sr R ¢ & )

2.10.2. Solid angle subtended by regular pentagonal face at the centre

Similarly, substituting the corresponding values i.e. h = Hp = normal distance of regular pentagonal face (n = 5
sides) from the centre O of the antiprism (as shown in the above Figure-3), the solid angle wp subtended by each
regular pentagonal face at the centre is obtained as follows

2H, sinE / 2.2 5+5. V10 — 25 \
P
wp = 2m — 2(5) sin”" 2 — 27— 105sin | 2 102 4 -
b
JHe? + acor o(2 ) o EE
2N~ 10 a 5
(5 +VE)(5—5) _
80 30

= 2mr — 10sin™?! =27 —10sin™! | ———| = 2n — 10sin™?

(o))
_P'[: N =
e

Bt et
(1) _

| 7 | 1
. 2 . .
=27 —10sin"!| ——~—— | =27 — 10sin =27 — 10sin 1< )
2 V5+1 V541
(\/§+1) )

N =

-10 ( )—2 —10'—1<\/§_1)—2 —10-—1(-1)
sin™ (\/_+1)(\/__1) = 4Tt Sin 2 = 4T sin Sln10

=2n—10(£

10)=2n—7r=7rsr
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Alternatively, since the pentagonal face of a regular pentagonal antiprism is generated by cutting a regular
pentagonal right pyramid from a regular icosahedron (see the above Figure-1). Therefore, from the postulate, the
solid angle subtended by each pentagonal face at the centre of regular pentagonal antiprism is equal to the solid
angle subtended at the centre of original icosahedron by the cap in form of five identical regular triangular faces
(i.e. cut off regular pentagonal right pyramid as shown in the above Figure-1 & 2) which is given as

wp = No. of identical triangular faces of cut off right pyramid X Solid angle by one face at center
= c =TSt

Both the above values of solid angle wp are equal. Therefore, the solid angle subtended by each regular pentagonal
face at the centre of regular pentagonal antiprism is given as

wp =T ~ 3.141592654 sr v et eeeere e e e (12)

2.11. The construction of regular pentagonal antiprism

A regular pentagonal right antiprism can be constructed by following two methods depending on whether it is a
solid or shell.

2.11.1. Solid regular pentagonal right antiprism: The solid regular pentagonal right antiprism can be made by
joining all its 12 elementary right pyramids, out which 10 are identical regular triangular right pyramids and 2 are
identical regular pentagonal right pyramids (as shown in the above Figure-3), such that all the adjacent elementary
right pyramids share their mating edges, and apex at the centre.

2.11.1. Regular pentagonal right antiprism shell: The shell of a regular pentagonal right antiprism can be made
by folding about the common edges the net of all its 12 faces out which 10 are identical regular triangles and 2
are identical regular pentagons all having equal side. The net of faces of a regular pentagonal right antiprism was
made from A4 white sheet paper. The faces were folded at the common edges and glued at their mating edges to
form a paper model of regular pentagonal right antiprism (as shown in the Figure-6 and Figure-7).

Figure-6: The net of 10 regular triangular and Figure-7: A paper model of regular pentagonal right
2 pentagonal faces each having side of 4cm  antiprism made by folding the net of faces and gluing them
made from A4 white sheet paper. at the mating edges. (Handcrafted by the author)
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Summary: Let a be the edge length of a regular pentagonal right antiprism then all of its important geometric
parameters can be determined as tabulated below.

Geometric parameter Formula

Normal distance of equilateral triangular face from (3 + \/E)a

H =—— ~ 0.755761314a
the centre T 43
Normal distance of regular pentagonal face from H. = a 5+V5 ~ 0.425325404q
the centre P72y 10
Perpendicular height (i.e. normal distance between H=a 5+V5 ~ 0.850650808a
opposite regular pentagonal faces) 10

. . . av10 + 25
Radius of circumscribed sphere R, = — = 0.951056516a
Total surface area 1
A = E(S‘E + (25 + 10\/§> a® ~ 7.77108182a2
Volume (5 +2V5)a®
V= —e = 1.578689326a3
Dihedral angle between any two adjacent regular 3+ \5
triangular faces sharing a common edge Orr = 2tan” < ) ~ 138.1896851°
Dihedral angle between adjacent regular triangular Orp =7 — tan™1(3 + \/§) ~ 100.812317°
and pentagonal faces sharing a common edge
Dihedral angle between adjacent regular triangular | ', =7 — 6, = tan"1(3 + \/E) ~ 79.18768304°
and pentagonal faces sharing a common vertex
Solid angle subtended by equilateral triangular face o = n ~ 0.62831853 sr-
at the centre =57
Solid angle subtended by regular pentagonal face at wp =T ~ 3.141592654 sr
the centre
Conclusions

In this paper, the regular pentagonal right antiprism has been formulated and analysed in details. The analytic
formula have been derived in terms of edge length of regular pentagonal antiprism for computing its important
parameters such as, normal distances of faces from the centre, normal height, radius of circumscribed sphere,
surface area, volume, dihedral angles between adjacent faces, and solid angles subtended by the faces at the centre.
A net of faces has been made from A4 white sheet paper and the paper model of regular pentagonal right antiprism
was handcrafted by folding the net. The analytic formula derived here can be used to mathematically analyse and
formulate the solids (polyhedrons) generated by truncating a regular pentagonal right antiprism.
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